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LCil NOI BAU 

Cuon sdch “HltffNG DAN GlAl BAl TAP H1NH HQC 11 NANG CAO" c6 
noi dung tiicfng dng vdi sdch gido khoa Hinh hoc 11 nang cao dtfdc dp dung 
ttt ndm 2007 - 2008. 

Moi muc {§) cua chifcfng g6m bon phan: 

I. T6m tdt ly thuyet 

II. Bdi tap c8n bdn 

III. Cdu hoi trdc nghidm 

IV. Dap dn. 

Phan I: Trinh bdy nhCfng van de ly thuyet trong tdm nhdt cua sdch 
gido khoa md cdc em cdn phai hieu vd ndm vOfng. 

Phdn II: Trinh bdy ldi gidi chi tiet cua cdc bdi tap c6 trong sdch gido 
khoa, m6i bdi tdp ddu ndu ddy du cdc bode Idp ludn vdi can ciif Id cdc dinh 
nghla, dinh ly, cdc tinh chat da hoc. 

Phdn III: Trinh bdy cdc cdu hoi trdc nghiem nhdm giup cdc em on 
luy^n lai kien thufc dd hoc. 

Phan IV: Trinh bdy dap dn cdc cau hoi trdc nghiem neu d phdn III. 

Vipc sOf dung sdch nen thuc hipn theo trinh tii nhu sau: Sau khi hoc ly 
thuyd't, cdc em hdy tif minh giai cdc bdi tap co trong sdch gido khoa, neu gap 
kho khdn, co the tham khao ldi giai bdi tfip trinh hdy d phan II, hon nufa 
ngay ca khi gidi diroc bdi tap cua sdch gido khoa, cac em cung ndn so sdnh Idi 
giai cua minh vdi ldi gidi difoc trinh bdy trong sdch ndy d(f hidu sdu sdc, ddy 
du kidn thufc vd phuemg phdp gidi todn. Tidp theo cdc ein n&n ddnh thdi gian 
gidi cdc cdu hdi trdc nghiem a phdn III de cung c6 ki£n thufc. 

Hy vong cu6n sdch sd Id tdi lipu ho trp ti'ch ci/c giup cdc em hoc ttft 
Hinh hoc 11 ndng cao. 

Rdt mong cdc em dung sdch vdi y thufc tif chu cao vd khong dung sdch 
theo edeh chi “doc” cdc ldi gidi c6 sdn cua cdc bdi tdp trong SGK. 

Chuc cdc em thdnh c6ng 


cAc tAc giA 



CHtftfNG I. PHEP Util HtNH VA PHEP BONG DANG 
TBONG MAT PHANG 

§1. Md DAU v£ PHEP BlfiN HINH 
i. t6m tAt ly thuySt 

1. Dinh nghla: 

Phdp bi£n hinh la quy tic de vdi moi diem M thupc mat phang, xdc 
dinh di/qc m$t dilm duy nhd't M' thuQC mat phang ay. Biim M' goi la 
anh cua die'm M qua phdp bien hinh do. 

2. Kf hipu va thupt ngnJ 

Neu ta ki hi$u phdp bien hinh la F va di4m M’ la anh cua dilm M 
qua ph6p bi£n hinh F thi ta viet M' = F(M), hoac F(M) = M'. Khi d6 
ta c6n ndi phdp bi@'n hinh F bien diem M thanh dilm M'. 

Niu H la mpt hinh nao d6 thi hinh H' gom cdc dilm M' la anh cua 
cdc diem M thupc H dupe goi la dnh cua H qua phdp biin hinh F, va 
viet H' = F(H). 

II; BAI TAP CAN BAN 

Bai 1. Cho hai diim c6' dinh A va B. Quy tdc dat tUcmg ufng m6i diim M vdi 
di£m M' sao cho MM' = AB c6 phdi la mdt phdp biin hinh khdng? Tai sao? 

Gidi 

Quy tie tr£n khing phai la phdp 
biin hinh vi vdi mdi diim M ta c6 
thi xdc dinh dupe nhiiu hon mpt 
diem M' sao cho MM' = AB, trdi vdi 
dinh nghia cua phdp biin hinh. 

Bai 2. Cho diim I c6' dinh. Quy tic dat tuong dng 

moi diim M vdi diim M' sao eho: IM' = - IM 

2 

c6 phai la m$t phip biin hinh khong? Tai sao? 

Gidi 

Quy tdc trin cho ta mpt phdp biin hinh vi IM' = - IM nin vdi diem M 

2 

da cho thi vecto IM la ci dinh, do d6 ta tim dupe duy nhit diim M’ sao 

cho IM' = — IM. 

2 

Vay theo dinh nghla phep biin hinh thi quy tic trdn cho ta mOt phip 
bien hinh. 
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Bai 3. Cho tam gific nhpn ABC c6 true tfim H. Xdt phdp bifi'n hinh F bifi'n 
moi diem M thanh di£m M' sao cho: Neu M thu$c dudng thAng BC thi 
M' trung vdi M, n§'u M khdng thupc dudng thAng BC thi dudng thAng 
BC la dudng trung true cua doan MM'. Tim anh cua H qua phep bid'n 
hinh F. 


Giai 

Goi H' la giao diem cua AH vdi dudng 
trdn ngoai ti£p tam gific ABC (hinh 
b&n). Khi d6: ACB = BHH' (1) 

(goc c6 efic canh tuong Ung vudng gdc) 

ACB = BHTi (2) (cung chAn AB). 

TU (1) vA (2) ta c6: BHH' = BITH 
suy ra tam gific BHH' efin tai B. Do 
d6 BH = BH' (3): 

Mat khde HH' 1 BC (4) 

Do do tU (3) va (4) ta c6 BC la dudng trung true cua doan HH', hay H’ la 
jinh cua H qua phfip bien hinh F. 

III. CAU HOITRAC NGHI^M 



Cfiu 1. Cho veetd a c6 I a I = 3, phdp bien hinh F bien mSi di€m M thanh 

—^ ^ •> 

diem M' sao cho MM' = a . D§ dai doan thang MM' la: 

(A) 0; (B) 1,5; (C) 3; (D) 6. 

Cfiu 2. Anh cua mpt diem qua mot phdp biO'n hinh lfi: 

(A) 1 diem; (B) 2 diem; (C) 3 diAm; (D) 4 diSm. 

Cfiu 3. Trong cfic quy tAc sau dfiy, quy tAc nfio la m6t phfip bi£n hinh? 

(A) Quy tAc dat tuong Ung moi dif?m M vdi diem M' sao cho 

—> —» —> o —> 

MA + MB + MC = — MM' (tam gific ABC c6 dinh cho trude); 


(B) Quy tfie dfit tuong Ung m5i diem M vdi diem M' sao cho MM’ // d cho tn#c; 

(C) Phdp dat tUdng Ung moi diem M vdi diim M' sao cho MM' = 2; 

-> —* 

(D) Phfip dat tuong Ung moi diem M vdi dilm M' sao cho MM’. AB = 0 
(vdi A, B la hai difi’m cho trude). 

Cfiu 4. Trong cfic quy tfie dfit tuong Ung sau dfiy, quy tAc nfio khong phfii lfi 
mot phdp biO'n hinh? 

(A) Quy tAc dfit tuong Ung mSi diem M vdi diem M' sao cho diem I c 6 
dinh cho trUdc lfi trung difim cua MM'; 

(B) Quy tAc dfit tuong Ung moi diem M vdi diem M' sao cho OM' = 20M 
(O lfi dilm c 6 dinh cho trude); 


6 



(C) Quy tic dat tddng dng moi diem M vdi diem M' sao cho MM' = (3; -2); 
(P) Quy tic dat Wang dng moi diem M vdi diem M' la hinh chieu cua M 
len dddng thing d cho trade 

Cfiu 5. Cho phdp bii’n hinh F bien moi diem M thanh diem M' sao cho 

MM' = v cho trade, goi A', B’ lin laat la anh cua A, B qua phdp bien 
hinh F. Neu AB = 4 thi do dai doan A'B’ la: 

(A) 2; (B) 4; (C) 6; (D) 8. 

IV. Pap an 


Cau 

1 

2 

3 

4 

5 

Dap dn 

(C) 

(A) 

(A) 

(A) 

(B) 


§2. PHEP TINH TIEN VA PHEP DCfl HINH 


i. t6m tAt ly thuyet 

1. Dinh nghla phep tinh tien 

Phdp tinh tiin theo vecta u la phep bien hinh, bi€n diem M thanh 

—^ , -► 

diem M' sao cho MM' = u . Phdp tinh tien theo veetd u ddac ki hieu la 

T hoac T.. 


2. Tinh chat cua phep tinh tien 

a) Dinh ly Is Neu phep tinh tiin bien hai diem M vj N lan loot 
thanh hai dU>m M' va N' thi M'N' = MN 

b) Djnh 2: Phdp tinh tien bien ba diem thing hing tharih ba dilm 
thing hang va khong 1km thay doi thd ta cua ba di&m d6. 

c) H£ qui: Phep tinh tien bien dddng thing thar*h dddng thing, biin 
tia thanh tia, biin doan thing thanh doan thing bing nd, bien tam 
giic thinh tam gidc bang n6, biin dddng tr6n thanh dddng trdn cd ciing 
bin klnh, bien g6c thanh gdc bing nd. 

3. Bidu thde toa dp cua phep tinh ti€n 


Cho phdp tinh tien T., cd u 
diem M'(x'; y'), khi d6: 

MM' = u <=> | X ( 


= (a; b). Gia sd diem M(x; y) biin thanh 

- x = a fx' = x + a 

o < 

-y = b ly' = y + b 
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Cdng thtfc trdn goi Id bidu thufc toa d$ cua phdp tinh tidn theo vecto 
u ■ (a; b) 


4. Phdp ddi hinh 

a) Djnh nghla: Phdp ddi hinh Id phdp bidn hinh khfing 1dm thay doi 
khoing cdch giCfa hai dilm bdt ky. 

b) Djnh ty: Phdp ddi hinh bidn ba diem thing hdng thdnh ba dilm 
thing hdng vd khSng 1dm thay ddi thuf to ba didm d6, bidn dndng 
thing thdnh diidng thing, bidn tia thdnh tia, bidn doan thing thdnh 
doan thing bing n6, bidn tam gidc thdnh tam gidc bing n6, bien 
ditdng trdn thdnh dtfdng trdn c6 cdng bdn kinh, bidn g6c thdnh g6c 
bing n6. 

li. bAitApcAnbAn 

Bdi 4. Qua phdp tinh tidn T theo vecto u * 0 , di/dng thing d bien thdnh 
dudng thing d'. Trong trOdng hop ndo thi: d trung vdi d'? d song song 
vdi d'? d cit d'? 

Giai 

—► 

d trung vdi d' khi u Id mdt vecto chi phoong cua d. 

Thdt v$y: xdt didm M thudc d, goi didm M' Id inh cua M qua T-., khi d6 


MM' = u , suy ra cdc doOng thing MM' vd d cd cung vecto chi phoong 
u vd cdng di qua didm M ndn chung trung nhau, vi vdy M' e d, tufc Id d' 

trung vdi d. Toong to ta cd d // d' khi gid cua u khdng song song vdi d. 
Khdng cd trodng hop ndo dd d cit d'. 

Bdi 9. Cho hai difdng thing song song a vd a'. Tim tit ci nhtfng phdp tinh 
tidn bidn a thdnh a'. 


Giai 

Goi A, A' lin 10qt Id hai didm bdt ky thu§c a vd a'. Khi dd moi phdp 
tinh tidn theo vecto AA' ddu bidn a thdnh a'. 


Ngooc lai ndu cd u md T_(a) = a', khi dd 

u 

ldy A Id didm bdt ky trdn a, goi A' Id inh 
cua A qua phdp T. thi A' e a' vd AA' = u . 

U 



A' 


Tdm lai: Ngo.di tdt ci cic phdp tinh tidn theo AA' (vdi A, A' Id cic didm 
bit k£ lin loot thuOc a, a') bidn a thdnh a' thi khdng cdn phdp fcnh tidn 
ndo khic bidn a thdnh a'. 
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Bi»i 6. Cho hai ph6p tinh ti6'n T. va 1'.. V6i diem M bat ky, T~ bi@n M 

U V u 

th&nh di£m M', T- bien M' thanh diem M". Chtfng td r&ng ph6p bifin 

hinh bien M thanh M" la mot ph6p tinh tien. 

Giai 

Tac6: M' = T.(M) c=> MM' = u; M" = T. (M') o M^M" = v. 

U V 

Suy ra: MM' + M’M' = u + v o MM' = u + v 

V$y phap bifi'n hinh bien M thanh diem M'' la ph6p tinh ti£n theo vectcr 


u + v. 

B6i 7. Cho dub: g tr6n (0) vk hai diem A, B. Mdt di£m M thay ddi trfin 

—► —► —► 

dubng tr6n (O). Tim quy tich diem M' sao cho MM' + MA = MB. 

Giai 



Vfiy M' 1 a £nh cua dilm M qua ph6p tinh ti£n theo vecto AB, ma M 
thu$c (0) nSn quy tich di§'m M' la dudng trbn (O') la anh cua (0) qua 
—> 

phap tinh tiS'n theo vecto AB (hinh trdn) 

Bai 8. Trong mat phang toa d$ Oxy, vdi u, a, b la nhUng 66' cho. trudc, x6t 
ph6p bi^n hinh F bi£n m&i dia'm M(x; y) thanh dia'm M'(x'; y'), trong d6: 
x' = xcosa - ysin a + a 
y' = xsina + ycosa + b 


a) Cho hai di£m M(xi; yi), N(x 2 ‘. y 2 > va gpi M', N' ldn lupt la &nh cua M, 
N qua ph6p F. Hay tim toa d6 cua M' va N'. 

b) Tinh khoang cdch d gitfa M va N, kho£ng cdch d' giufa M' va N' 

c) Ph6p F c6 phdi la ph6p ddi hinh hay khong? 

d) Khi a a 0, chufng t6 rang F la phap tinh titfn. 

Giai 

a) Vi M(xi; yi), N(x 2 ; y 2 > n§n toa dp cua M'( x {; yi), N'tx^; y^) 1&: 
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( xj = Xjcosa - yj sin a + a ^ |x 2 = x 2 cosa - y 2 sin a + a 
yj = x t sin a + yjcosa + b [y 2 = x 2 sin a + y 2 cosa + b 


Hay M'(xjcosa - yisina + a; xisina + yicosa + b) 
N'(x 2 Cosa - y 2 sina + a; X 2 sina + y 2 Cosa + b) 
b) Ta c6: 


d = yj(*! - x 2 ) 2 + (y, - y 2 ) 2 
d' = y/(x ' 2 -x [) 3 + (y 2 - y\f 


= J(x 2Cosa 


-y 2 sina+a-Xi 00 sa+yisma-ar+(X 2 sina+y 2 Cosa+b-Xjsina-yicosa-br 


= y[(x 2 - XjJ.cosa - (y 2 - yisina ] 2 + [(x 2 - x,)sina + (y 2 - yicosa ] 2 
= \j(x 2 - X!) 2 (cos 2 a + sin 2 a) + (y 2 - yj ) 2 (sin 2 a + cos 2 a) 

= V (x i - x 2 ) 2 + (yj - y 2 ) 2 = d 

Vay d = d' = yj(x j - x 2 ) 2 + (yj - y 2 ) 2 


c) Ph6p F 16 mot ph6p ddi hinh vi theo cSu b thi F bao to6n khoang 
c6ch gitfa hai diem bdt ky. 


d) Khi a = 0, ta c6: 


x' = x + a 
y’ = y + b 


d6y 16 bilu thtfc toa do cua ph6p tinh 


tien, hay F 16 phep tinh tien khi a = 0. 

Bai 9. Trong mat phang toa d$ Oxy, x6t cac ph4p bien hinh sau da*: 

- Ph6p bien hinh Fi bien m6i diem M(x; y) th6nh diem M'(y; -x) 

- Ph6p bien hinh F 2 bia'n moi diem M(x; y) th6nh diem M'(2x; y) 
Trong hai ph£p bien hinh tren, phep n6o ph6p ddi hinh? 


Gidi 


Gia siif N'( x [; yj) 16 6nh cua N(xj; yj) qua Fj, khi' d6: N'(yj; -xi) 

Ta cd: MN = ,/(*i - x) 2 + (yj - y) 2 

M'N' = 7<yi - y) 2 + <~ x i + x > 2 = fai - x > 2 + (yi - y* = mn 

V6y Fi 16 ph6p ddi hinh. 

Ttfcmg ti/ ta c6 F 2 khfing phai 16 mot ph6p ddi hinh. 

III. CAU HOI TRAC NGHlf M 

Cfiu 1. Khang dinh n6o sau dfiy dung? 

(A) PhAp tinh-tifin 16 in6t ph6p ddi hinh; 

(B) Ph6p bien hinh 16 m6t"phep ddi hinh; 
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(C) Ph6p tinh ti£n bien doan thang thanh doan th^ng b6 hon no; 

(D) Ph6p tinh ti§'n bien di/dng tr&n th4nh dudng t.r6n dong tarn nhtmg 
khdc b4n kinh. 

Cfiu 2. Cho MN = 6, goi M', N' liin loot 14 4nh cua M, N qua ph6p tinh ti£n 
theo vecto v . Do d4i doan thftng M'N' 14: 

(A) 3; (B) 6; (C) 9; (D) 12. 

C&u 3. Cho biet B 14 diem n4m giffa hai di§m A v4 C; A', B', C' lan loot 14 


dnh cua A, B, C qua phep tinh tien theo vecto v. Kh&ng dinh n4o sau 
dSy dung? 

(A) A'B’ = A’ 1 ” + B’C'; (B) B'C' = A'B' + A'C’; 

(C) A'C' = A'b’ *■ B'C'; <D) A'C' > A'B' + B'C'. 

Cfiu 4. Cho duPng tr6n: (x - 2) 2 + (y - 3) 2 = 16, M(x; y) thu6c duPng tr6n. 

—* 

Goi M'(x'; y') 14 anh cua M qua phep tinh tien theo vecto u = (2; -4) 
Quy tich cua diem M' 14 duPng tron c6 phuong trinh: 

(A) (x - 2) 2 + (y + 4) 2 = 16; (B) (x + 2) 2 + (y + 3) 2 = 16; 

(C) (x + 4) 2 + (y + l) 2 = 16; (D) (x - 4) 2 + (y + l) 2 = 16. 

C&u 5. Cho doPng thang d: x - 2y = 3, goi d’ la anh cua cl qua ph6p tinh 


tiS'n theo vecto v = (5; -2). Phi/ong trinh cua d' 14: 

(A) x ~ 2y + 3 = 0; (B) x - 2y - 10 = 0; 


(C) x - 2y - 12 = 0; 

IV. DAP AN 


(D) x - 2y - 3 = 0. 


C4u 

1 

2 

3 

4\ 

5 

Dap an 

(A) 

(B) 

(C) 

(D) 

(C) 


§3. PHEP DOI XtfNG TRUC 

I. t6m tat ly thuyG't 

1. Dinh nghla phep ddi xOng true. 

a) Dinh nghla 1: 

Ph6p dfi'i xtfng qua duPng thang a 14 ph6p biSn hinh biS'n m6i di£m M 
th4nh diem M' d6'i xtfng vPi M qua a. 

b) Ki hieu va thu$t ngif 

Ph6p doi xtfng qua duPng thang a thtfPng dupe ki hipu 14 D a . Ph4p doi 
xtfng qua dtfPng thang cPn goi don gian la ph6p doi xtfng true. DtfPng 
thang a goi 14 true doi xtfng. 
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2. Dtnhty: 

Phdp ddi xtfng true 16 m$t phdp ddi hinh 
* Chu <j\ N£u phdp ddi xufng qua true Ox bifin difi'm M(x; y) th6nh di£m 

M'(x'; y') thl: {* * 

ly = -y 

Cdng thtfc trdn gpi 16 bidu thufc toa d$ cua ph6p ddi xufng qua tryc Ox. 

8. Tryc ddi xiifng ciia mOt hlnh 

Djnh nghia 2: Badng thing d gpi 16 true ddi xtfng cua hlnh H ndu 
phlp ddi xtfng true Da bidh H th6nh chinh nd, ttfc 16 Ba(H) = H 

ii. bAi tAp cAn bAn 

B6i 10. Qua phdp ddi xufng true D a (a 16 true ddi xufng), dtfdng thing d bien 
th6nh dtfdng thing d'. Hay tra idi c6c c6u h6i sau: 

a) Khi n6o thl d song song vdi d'? 

b) Khi n6o thl d trung vdi d'? 

c) Khi n6o thl d clt d'? Giao diem cua d v6 d’ c6 tlnh chdt gl? 

d) Khi n6o d vudng g6c vdi d'? 

HUong d&n giai 
a) d song song vdi d' khi d // a. 

Th|t v|y: 



• Ndu d cd chung vdi a m$t didm M thl B a (M) = M e d' 

Suy ta d v6 d' c6 chung didm M nen d khdng song song vdi d'. 

• Ndu d // a; trdn d ldy hai diem M lt M 2 ph6n bidt; goi M',, 16 anh 

cua Mi, M 2 qua B a , di d6ng churng minh dtfoc MiMaM^M’i 16 hinh chur 
nhfit, tCi dd suy ra d // d'. Ttfong ttf ta cd: 
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c) d cat d khi d cSt a, khi do giao diem cua d v& d' n«im tr@n a. 

d) d X d' khi g6c gitfa d va a la 45°. 

d/ 


Bai 11. Trong mat phang toa do Oxy, cho cdc dt/dng trbn (ej) va (e 2 ) l4n 
ld<?t co phi/ong trinh: 

(£i): x 2 + y 2 - 4x + 5y + 1 = 0; (e 2 ): x 2 + y 2 + lOy - 5 = 0. 

Vi£t phuong trinh anh cua c£c dubng tron tren qua ph6p doi xufng true Oy. 

Giai 

(eO, (e 2 ) l£n ltfat c6 tam la: Oi ^ 2; - ^ j; O 2 (0; -5) 

G?i Oj(xi; y',), 0 2 (x 2 ; y 2 ) la anh cua Oi, 0 2 qua ph4p doi xurng true 
Oy va (ei'), (e 2 ') la anh cua (ei), (e 2 ) qua phep doi xufng true Oy 


Khi do: 


x; = - Xl 


K\ 

5 suy ra OJ -2; — 

[ = “ r 2 ) 


Xo = - Xo fx« = 0 

f 2 O \ 2 suy ra 0 2 (0; 5) 

,y 2 = y 2 Iy 2 = s 


Jo 7 

I3dn ki'nh cua (ei') bang ban kinh cua (ei): R’, = Rj = —— 

2 

2 

po d6: (ei'): (x + 2) 2 + [ y t- ^ | ^ = x 2 + y 2 + 4x + 5y + 1 = 0 

\ 2 ) 4 

(£ 2 '): x 2 + y 2 + lOy -5 = 0 ((e 2 ') trung vdi (e 2 )) 

Bai 12. Cho g6c nhon xOy vk mot diem A nhm trong g6c d6. Hay xdc dinh dilm 
13 trdn Ox va dib'm C tren Oy sao cho tain giac ABC c6 chu vi nho nhat. 


Giai 

Goi Aj la anh cua A qua phtfp doi 
xurng tryc Ox, A 2 la dnh cua A qua 
ph6p doi xurng true Oy. Goi B, C lan 
lifat la giao di£m cua AjA 2 vdi Ox va 
Oy. Khi d6: 

AB + BC + CA = A,B + BC + CA 2 = A : A 2 
Gpi B', C' la hai di4m bat ky lan lifpt 
n&m tr£n Ox va Oy. Ta c<$: 

AB' + B'C' + C'A = AiB' + B'C' + C'A 2 
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M4 B'C' + C'A 2 > B'A2 n@n AB' + B'C + C'A > AjB' + B'A 2 > AjA 2 (2) 

TU (1) v4 (2) ta c6: AB + BC + CA < AB' + B’C' + C'A 

VSy hai dilm B, C vUa x4c dinh nhu tr£n 14 hai dilm c&n tim. 

Bai 13. Cho hai di£m B,C co dinh nlim tren dudng trbn (O; R) v4 dilm A thay 
doi tr£n duirng trbn d6. H4y dung ph6p d6'i xtfng true dl chtfng minh rhng 
true tfim H cua tam gi4c ABC n&m tr6n m|t duirng trim co dinh. 

Giai 

Ta goi H' 14 giao diem cua AH vdri (O; R). Khi d6: 

HH' 1 BC (1) 

V4 ACB = AH'B (2) (cung ch4n cung AB) 

BHH' = ACB (3) (g6c c6 hai canh tuong Ung vuong g6c) 

TU (2), (3) suy ra: BliH' = AHB = HITB 
Do d6 ABHH' c4n tai B 
Suy ra BH = BH' (4) 

TU (1) v4 (4) suy ra: BC 14 duirng trung 
true cua HH' hay H' 14 anh cua H qua 
ph6p dfl'i xUng tryc BC. Vfiy khi A di 
chuyln tren (O) thi H' cung di chuyln 
tr4n (O) do d6 true tam H cua tam giac 
ABC n&m tren duirng tr6n (O'; R) 14 anh 
cua (O; R) qua ph6p dtfi xUng true BC. 

(Neu BC 14 dudng kinh thi (O) trung vdi (O')). 

Bai 14. 

a) Chi ra true d6'i xUng (neu c6) cua m6i hinh sau day (m6i hinh 14 m$t 
tU bao g6m myt s6' chU c4i). 

MAM, HOC, NHANH, HE, SHE, COACH, IS, IT, SOS, CHEO 

b) Chufng minh r4ng do thi cua h4m 8 6 ch4n lu6n c6 true d6i xtfng. 

Giai 

a) C4c hinh sau d4y c6 true doi xUng: 




b) Cho h4m so y = fix) 14 mot h4m s6' ch4n, khi d6 f(-x) = fix) hay n£u 
dilm M(x; y) thuQC do thi cua h4m so' y = fix) thi diem M'(-x; y) 14 anh 
cua M cung thu$c d6 thi h4m s6' y = fix) do d<5 d6 thi h4m sQ' j = fix) 

nhan true tung 14m true doi xUng. N * 14 bilu thUc toa d$ eta ph£p 

[y =y 


dd'i xUng true tren). 
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ill. cAu h6i trAc nghi^m 

Cfiu l. Kh&ng dinh n4o sau d4y dung? 

(A) Ph6p ddi hinh 14 ph6p dfli xtfng true; 

(B) Ph6p doi xufng true 14 m$t ph4p ddi hinh; 

(C) Ph6p doi xdng true 14 ph4p dong nhA't; 

(D) Ph6p d6'i xufng true 14 ph6p tinh tifi'n. 

Cfiu 2. Goi d' 14 anh cua d qua ph6p dd'i xufng true Ox, cho d: 2x - y = 1 
phtfcmg trinh cua d' 14: 

(A) 2x + y - 1 = 0; (B) 2x - y - 1 = 0; 

(C) 2x - y + 1 = 0; (D) 2x + y + 1 = 0 

Cflu 3. Goi (O') 14 anh cua difdng trbn (O) qua ph6p ddi xurng qua true Oy, 
cho (0): x 2 + y 2 - 2x + 4y - 4 = 0. Phoong trinh cua (O') l£: 

(A) x 2 + y 2 - 2x - 4y - 4 = 0; (B) x 2 + y 2 + 2x + 4y + 4 = 0; 

(C) x 2 + y 2 + 2x + 4y - 4 = 0; (D) x 2 + y 2 + 2x - 4y - 4 = 0. 

Cdu 4. Cho A(4; -3), B(2; 1), goi A, B 14 4nh cua A', B' qua phdp doi xufng 
true B„. Bq dai doan th4ng A'B' 14: 

(A) 75; (B) 5; (C) 10; (D)2 75. 

C&u 5. Cho tam gi4c ABC c6 A(2; 2), B(l; 4), C(0; 1), G_14 trong t4m. Goi 
A', B', C' lan loot 14 anh cua A, B, C qua phdp doi xilng true Ox. Toa d$ 
trong t4m G' cua tam gi4c A'B'C' 14: 


„ ( 


„ f 


7\ 

(B) 

1;- ; 

3 J 

(O : 

l: 3) ■ 

<D) (- 1; sJ 


iv. bap An 


CSu 

1 

2 

3 

•4 

5 

B4p an 

(B) 

(A) 

(C) 

(B) 

(C) 


§4. PHEP QUAY VA PHEP DOI XtfNG TAM 
i. t6m tAt ly thuyet 

1. Djnh nghla phep quay 

Trong m4t ph4ng cho mdt diem O cd" dinh v4 g6c lifong gidc tp khong 
d6i. Ph4p biS'n hinh bi&'n die?m O th4nh diem O, bi£n diem M khac O 
th4nh diem M' sao cho OM = OM' v4 (OM, OM') = (p doge goi la phep 
quay tam O vdi goc <p. Phdp quay tam O g6c <p thi/dng dirge ki hieu 14 
Q(0, q>) hoac don gian 14 Q. 



2. Djnh 1^: 

Ph6p quay 14 m6t ph6p ddi hinh. 

3. Ph4p d6'i xurng t&m 

aA Ph6p quay t4m O g6c quay 7t c6n dirqc goi 14 ph6p doi xurng qua diem 
O, diem O doqc goi 14 tarn dtfi xurng. 
b/ Phep doi xtfng qua di£m O con dtfpc dinh nghla: 

Ph6p doi xurng qua diem O 14 mot ph6p bien hinh bien m6i diem M 
thAnh diem M' dd’i xurng vdri M qua O, co nghia 14: 

OM + OM' = 0 

c/ Kf hipu va thuqt ngd: 

PhAp dtfi xurng qua dilm O thi/dng dirqc ki hiqu 14 Do- Phdp <J6'i xtfng 
qua mqt diem cbn goi dcrn gian 14 ph6p doi xurng tam. Diem 0 goi 14 
tam cua ph4p d6'i xurng, hay don gian 14 t4m doi xurng. 

d/ Bieu thdc toa dp cua phep doi xtfng tam 

Trong h$ toa dq Oxy cho diem I(a; b). Neu phep dtfi xurng t4m Dj bien 
di£m M(x; y) th4nh M'(x'; y') thi: 

x' = 2a - x 
y' = 2b - y 

C6ng thufc tr&n dirqc goi 14 bieu thtic toa dq cua ph6p do'i xurng t£m Dj. 

e/ Tfim d6'i xtfng ciia mpt hlnh: 

Diem O goi 14 tSm doi xurng cua m$t hinh H neu ph6p doi xung tdm 
Do biA'n hinh H th4nh chinh no, ttfc 14: 

Do(H) = H 

II. BAI TAPCAN BAN 

Bai 15. Cho ph6p quay Q tdm O vdi gdc quay cp v4 cho dirdng th&ngd. Hay 
neu c4ch dqng anh d' cua d qua phAp quay Q. 

Giai 

- Tr@n d l4y hai dilm M, N b4t ky (M kh4c N) 

- Dqng M', N' lln loot 14 anh cua M v4 N qua ph4p quay Q( 0 ,<p) 

- Dudng th&ng d' di qua M', N' 14 
dnh cua d qua ph4p quay Qio, y >. 

(hinh b§n) 
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Bai 16 - Cho hai tam gikc vuong can OAB vk OA'B' c6 chung dlnh O sao cho 
O nkni tren doan thing AB' vk nkm ngoki doan thing A’B (hinh 16 
SGK). Goi G vk G' lan Iuot lk trong tfim ckc tam gikc OAA' vk OBB'. 
Chiing minh GOG' lk tam gikc vuong can. 

Giai 

Xkt phep quay Qto. -9o°> ta c6: 

AOA'B' vu6ng ckn tai O ndn: 

Qto -9o°> (B') = A' 

TdOng tu: Q(o. - 90 °) (B) = A 
Q<o, -90°) (O) = O 

Viy aOAA' lk anh cua AOBB' qua Q ( o - 90 °) 

B'£_ t _ xx. _:3k 

Do dd Q(o, -90°) (G r ) •= G hay O A 

AOGG vuong ckn tai O. 

Bai 17. Gia suf phkp doi xu'ng tkm Do bien diidng thing d thknh dtfifng 
thing d'. ChOfng minh: 

a) Nen d khong di qua tam doi xtfng O thi d' song song vdi d, O ckch 
deu d vk d’. 

b) Hai dirtrng thing d vk d' trung nhau khi vk chi khi d di qua O. 

Giai 

a) Goi M, N lk hai diem khkc nhau tren d; M', N' lin li/qt Ik knh cua M, 

N qua D 0 (hinh bkn) M H N d 

jOM = OM' 

Ta c6: |oN = ON* 

[MON = M^' (doidinh) 

Suy rs: AMON = AM'ON' 

=> OMN = ONTN' N' H' M' 

Do d<5 d // d' (g6c so le trong bing nhau) 

Goi OH, OH',lin luqt lk dtfdng cao cua AMON vk AM'ON' 

De thiy OH = OH' hay O ckch deu d vk d'. 

b) Gik sOf 0 thudc d, goi M lk diem bit ky tren d vk M' = Do(M), ta c6: 

OM’ = - OM do d6 M, O, M' thing 
hkng hay M' thudc d, suy ra: d' 
tiungvdid. 

NgiWc lai: Gik suf d trung vdi d' vk 
M' = Do(M) 
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d 





Khi d6 M', O, M thing hing mi M, M' thudc d. Suy ra O thu$c d 
Viy hai dudng thing d vi d' triing nhau khi vi chi khi d di qua O. 

Bai 18. Cho phdp dd'i xufng tim Do vi dudng thing d khdng di qua O. Hay 
ndu cich dung inh d' cua dudng thing d qua Do- Tim cich di/ng d'mi 
chi sur dung compa mOt lin vi thi/dc thing ba lin. 

Gi&i 

- Goi M, N li hai diem khic nhau 
thu$c d, dung M', N' lin luqt la anh 
cua M, N qua Do- 

- Dudng thing d' di qua M', N' li 
inh cua d qua Do. 

- Ta co thf? dung inh d' cua d qua Do 
mi chi cin sft dung compa mot lin vi 
thudc thing ba lin bing cich: 

+ Lay E « d, E thuQc nufa mit phing bd 
d, nufa mit phing niy khdng chtfa O. 

+ Dung compa vd dudng tr6n (O, OE). 

Dudng trdn (O, OE) cit d tai M va N. 

+ Hai lin dung thudc thing dung: 

M' = MO n (O, OE) vi N' = NO r* (O, OE); 

Dung thudc thing difng d' di qua M' vi N'. 

Bai 19. Chi ra cic tim dd'i xtfng cua cic hinh sau diy: 

a) Hinh gom hai dudng thing cit nhau; 

b) Hinh gom hai dudng thing song song; 

c) Hinh gom hai dudng tron bing nhau; 

d) Dudng elip; 

e) Dudng hypebol. 

Hrf&ng dan giai 





Tim dd'i xUng cua hinh gom hai dudng thing cit nhau li giao di>£m cua 
hai dudng thing dd. That viy vdi M bit ky thudc hinh tren thi M' = 
Dq(M) cung thudc hinh dd. 
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Hinh gom hai dubng thing song song c 6 vo sb' tam db'i xufng vb tap hop 
cbc tam doi xtfng d 6 lb dubng thing song song cbch deu ca hai dtfbng 
thing trbn. 



- Nb'u hai dtibng trbn c 6 tam trung nhau thi tim db'i xufng cua hinh 
chinh lb tim cua di/bng trbn. 

- Niu hai dutfng trbn c6 tim khbng triing nhau thi tim db'i xufng cua 
hinh lb trung dibm cua doan thing noi hai tim cua hai dufbng trbn 
(hinh trbn). 



Tim db'i xufng cua hinh elip lb trung dibm 0 cua doan thing no'i hai tieu 
dibm cua elip (hinh trbn). Thit viy, phi/ong trinh chinh tic cua elip cb 
2 2 

dang: (E): ~ + ^ = 1 (D (vdi O lb gb'c hb toa d$, Fi(-c; 0), F 2 (c; 0), 
a b 

a > b > 0). Xbt dibm M(x; y) e (E). 

(_ x \ 2 (_ y \ 2 

M' = Do(M) o M'(-x; —y). Vi (1). = 1 

a b 

nen M' e (E). 

T 6 m lai: Vdi moi dibm M e (E) vb M' = Do(M) thi M' e (E), nbn O lb 
tam doi xufng cua (E). 
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e) Tucmg tu nhu d) thi tim doi xtfng cua hypebol la trung die'm cua doan 
thing n6'i hai tibu dib’m. 

Bki 20. Cho hai dilm B, C c 6 dinh tren dubng trbn (O; R) va mbt diim A thay 
d<5i trbn dubng trbn d6. Hay dung phbp doi xtfng tflm dl chtfng minh ring 
true tam H cua tam gibe ABC nbm trbn mpt dubng trbn ccf dinh. 

Giai 

Gpi I lb trung dib’m cua BC, ve 
dubng ki'nh AM, ta thiy H, I, M 
thling hang va I la trung dibm 
cua HM. That vfiy: 

BH 1 AC va CM 1 AC 
Suy ra: BH // CM (1) 

Tucmg tu: CH//BM (2) 

Ttf (1) va (2) ta cb ttf gibe BHCM la hinh binh hanh mb I la trung di£m 
cua BC nen I cung la trung dib'm cua HM, do d6 H la inli cua M qua 
phbp Dj. Vi M thuoc dubng trbn co dinh (O; R) nen H thupc dubng trbn 
(O'; R) la anh cua dubng trbn (O; R) qua Dj. 

Bbi 21. Cho dubng trbn (O; R), dubng thing A va dib’m I. Tim diem A tren 
(O; R) va diem B tren A sao cho I la trung diem cua doan thing AB. 



Giai 



Dung dubng thing A' la anh cua A qua phbp Bi, khi db A la giao diem 
cua A' vdi (O; R), B la giao diem cua AI vbi A. Neu A' cit (0; R) tai hai 
diem thi ta cb hai cap dibm (A, B) cin tim. Neu A' la tibp tuyb’n cua 
(O; R) thi ta cb m$t cap diem (A; B) cin tim; nb'u A' khong c6 diirn 
chung vbi (O; R) thi khong c6 cap diem (A, B) cin tim. 

Bki 22. Trong mat phing toa d6 Oxy, cho dubng thing A: ax + by + c = 0 va 
rtilm I(xo; yo)- Phep doi xUng tam Di bien dubng thing A thanh dubng 
tiling A'. Viet phuong trinh dubng thing A'. 
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K b) 

phiAp doi xtfng tAm Bi. Khi d 6 11A trung diS’m cua AA', ta c 6 : 
_ 0 + x ' 

2 fx' = 2x n 


c 

- k + y 

y o=-~— 


y' = 2 yo + r 


Btftfng thAng A' di qua A' c 6 vector phAp tuyg'n 1A n' = (a; b) (vi A // A'). 

NAn A': a(x - 2xo) + b(y - 2yo - £) = 0 

b 


o ax + by + c - 2 (axo + byo + c) = 0 


2) NA'u b = 0, khi d 6 a * 0 vA diA’m B I - —; oj thuQc A. HoAn toAn ttfcmg 
ttf nhtf trong 1) ta dtfqc A': ax + by + c - 2(axy + byo ♦ c) = 0. 


III. CAU H6l TRAC NGHlgM 

CAu 1. KhAng dinh nAo sau dAy dtfng? 

(A) PhAp d 6 'i xtfng tAm 1A phAp d 6 ng nhAt; 

(B) PhAp d 6 'i xtfng tAm 1A phAp quay; 

(C) PhAp quay khdng phAi 1A m0t phAp dtfi hinh; 

(D) PhAp dd'i xtfng tAm khong phAi 1A m0t phAp diri hinh. 

CAu 2. KhAng dinh nAo sau dAy dung? 

(A) Hinh tam giAc c 6 m0t tAm doi xtfng; 

(B) Hinh tam giAc khflng c 6 tAm ddi xtfng; 

(C) Hinh binh hAnh c 6 m0t tAm dd'i xtfng; 

(D) Hinh gom hai dtfirng thAng song song khfing c 6 tAm dtfi xtfng. 

CAu 3 - Trong mat phAng tpa d0 Oxy cho diim A(3; -2), 1(0; 1). Toa d0 dilm 
A' IA Anh cua A qua phAp d 6 'i xtfng tAm Bi 1A: 

(A) (-3; 2); (B) (3; 2); (C) (3; -4); (D) (-3; 4). 

CAu 4 . Trong mat phAng toa d0 Oxy cho dtfdng thAng A: 2x - y + 1 = 0, goi 

A' 1A Anh cua A qua phAp dtfi xtfng tAm Bo- Phtfong trinh cua A' 1A: 

(A) 2x - y - 1 = 0; (B) 2x - y + 1 = 0; 

(C) 2x + y + 1 = 0; (D) 2x + y + 2 = 0. 

CAu 5. Trong mat phAng toa d<J Oxy cho cAc diA’m: A(m; 2m + 3), 1(2; -1). 
A'(x'; y') 1A Anh cua A qua phAp dd'i xtfng Bj. Quy tfch cua A' c 6 phtfong 
trinh: 



(B) 2x - y + 3 = 0; 
(D) 2x - y - 13 = 0. 


(A) x + 2y + 3 = 0; 
(C) 2x - y + 13 = 0; 

IV. bAp AN 


Cau 

1 

2 

3 

4 

5 

Ddp dn 

(B) 

(C) 

(D) 

(A) 

(D) 


§5. HAI HINH BANG NHAU 

I. t6m tAt ly thuyet 

1. Dinh ly 

N£u ABC va A'B'C' la hai tam gidc bang nhau thl c6 phdp ddi hinh 
bien tam giae ABC thanh tam gidc A'B'C' 

2. The nao la hai hinh b&ng nhau: 

a) Hai hinh goi Id bang nhau n§u c6 phep dpi hinh biS'n hinh r.dy thanh 
hinh kia. 

b) H? qua: Neu hinh Hi bling hinh H2 va hinh H2 bang hinh H3 thi 
hinh Hi b&ng hinh H3. 

II. BAI TAP CAN BAN 

Bai 23. Chufng to rkng hai hinh chi? nhat c6 cung klch thudc (cang chieu 
ddi va chieu r$ng) thi bang nhau. 

Hiidng d&n giai 

Gid silr hai hinh cha nhat ABCD vd A'B'C'D' c6 cdc kich thudc b&ng 
nhau. Trade tien ta thirc hien phdp tinh tien theo vectef AA' (hinh dudi) 



B' 


ta dupe hinh chU nhat A 1 B 1 C 1 D 1 bang hinh chfl nhat ABCD. 

Sau d6 ta thuc hien phdp quay tam Ai, g6c quay cp (hinh tren), 
tp ~ (A 1 B 1 ; AjB') 

Khi dd hinh chO nhat AiBiCiDi bien thanh hinh chuf nhat A'B'C'D' 
bang n6. Vdy hinh chuf nhat ABCD bang hinh chO’ nhat A'B'C'I)'. 
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Bai 24. a) Chilng minh r&ng hai til gidc c6 cdc cap canh ttftfng ting bang 
nhau va mot cap diidng ch6o tilcmg ting bang nhau thi bang nhau. 
b> Chilng minh rkng hai til giac c6 cdc cap canh tucmg ling b&ng nhau va 
mot cap gdc tiiang ufng b&ng nhau thi bang nhau. 

c) Hai til giac c6 cac cap canh tuong ilng bang nhau thi c6 bang nhau 
hay khdng? 


Htfrfng dan giai 

A' 



Ta phai chi ra mbt phdp difi hinh F bi4"n til giac ABCD thanh til giac 
KFEH. X4t ph4p bi4'n til giac ABCD thanh til giac A'B'ED'. Ta 

chilng minh dtfpc: EF = EB', EK = EA', EH = ED' va: (EB', EF) = (EA', 

EK) = (ED', EH), dat <p = (EB', EF). Xdt ph4p quay Q ( e, V ) thi Q(E. <.» bien 

til giac A'B'ED' thanh til gidc KFEH. Nhii vdy phdp bien hinh F dupe 

thilc hi§n bang each tid'n hanh lien tid'p cac ph6p T, va Q(g, <p) la mot 

CE 

phdp d&i hinh bid'n til giac ABCD thanh til gidc KFEH, do d6 ede til gidc 
ABCD vd KFEH bang nhau. 

b) Tti d4 bai suy ra ede til gidc da cho th6a mdn ede di4u kifn trong a) 
n£n vi£c chilng minh nhil trong a) 

c) C6 th4 khflng bang nhau, chang han hinh vuong ABCD c$nh a vd 
liinh thoi KFEH canh a, c6 EFK = 120°. 




Khdng cd.phdp ddi hinh ndo big'n hinh vudng ABCD thdnh iiinh thoi 
KFEH. 

Bdi 25. Da gidc l 6 i n canh goi Id n - gidc dlu nlu td't cd cdc canh cua n 6 
bdng nhau vd tat cd cdc g6c cua n 6 bdng nhau. Chufng to rdn£ hai n - 
gidc dlu bang nhau khi vd chi khi chting c 6 canh bang nhau. 

Hit&ng d&n gidi 

NSii hai n - gidc dlu A 1 A 2 .A n vd AjAj.Aj bang nhau, khi do t 6 n 

tai phdp ddi hinh F bi§'n Aj thdnh Aj, A 2 thanh Aj , ..... A n thdnh A' n , 
auy ra canh cua hai n - giac dlu n 6 i trdn bang nhau. 

Ngugc lai, nlii hai n - gidc dlu A 1 A 2 A n vd A', Aj.... Aj co canh bang 

nhau, khi d 6 dl chufng minh di/crc: AiA 2 = Aj Aj, A 1 A 3 = Aj Aj 

AiA„ * Aj A n . 

Xlt cdc phdp ddi hinh: T - vd Q(a.,<p) 

a,a; 1 

Trong d 6 : T^(Ai) = Aj, T^(A 2 ) = B 2 . T^(A n ) = B n vd 

<p = (Aj B 2 , Aj Aj) thi phdp bien hinh F tao thdnh bdi vi?c tide hiln 
liln tid'p cdc phdp vd Q^, <?) Id m|t phap ddi hinh bidn n - gidc 

dlu AiA 2 ....A n thdnh n - gidc dlu AjAj.Aj , tOfc Id hai n - gid: dlu d'y 

bdng nhau. 

Bdi 26 . Hinh Jf>\ gom ba fluting trdn (Oi; ri), (O 2 ; r 2 > vd (O 3 ; r 3 ) ddi n|t ti£p 
xuc ngodi vdi nhau. Hinh Tf> 2 glm ba difdng trdndr, rj), (I 2 ; T 2 , (I 3 ; r 3 ) 
ddi mdt til'p xuc ngodi vdi nhau. Chdng to rdng 5SC 1 vd K> 2 bdng nhau. 
Hitting d&n gidi 

xat phap Phap Tq^- biffn hinh 76\ thdnh hinh 7C>, tiong d6: 
T Oj, (0l) = Ii: T 0J, ( ° 2) = °2! % <°3> = °3 • 
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Vd Ii Oj = I1I2, I1O3 = I 1 I 3 , cho nen phfip qua? Qa bien hinh X! 
thanh NhU vdy thiic hipn lifin tifi'p cdc phfip bififn hinh Tq-j- vd Q^. v) 
ta ducJc phfip dfii hinh F bifi'n 7G\ thanh 7k- 
V$y X\ vd X-i b&ng nhau. 

Bai 27. Cho hai hinh binh hanh. H§y ve m^t di/fing thdng chia m5i hinh 
binh hfinh d 6 thanh hai hinh b&ng nhau. 


Giai 

B 2 



Gpi Oj, O 2 Idn litat la tdm dfi'i xtfng cua hai hinh binh hanh da cho. Khi 
d 6 duffing th&ng d di qua Oi, 0 2 chia mfii hinh binh hanh thanh hai 
phdn (hinh trfin). Do! vfii hinh A 1 B 1 C 1 D 1 ta thffy phfip dfi'i xtfng tam Oj 
bifi'n Hi thanh HJ nfin hinh Hi b&ng hinh HJ. Tifcrng ttf H 2 bang W 2 
Vfiy d la duffing thAng cdn tim. 

III. CAu h6hrAc NGHlgM 

Cfiu 1. Khang dinh nao sau dfiy lufln lufin dung? 

(A) Hai tam gidc b&ng nhau nfiu chung c 6 cdc gfic ttfcrng ufng b&ng nhau; 

(B) Hai tam gidc bang nhau nfiu chung cfi difin tich bang nhau; 

(C) Hai tam gidc bang nhau n(fu cfi phfip dfii hinh bifi'n tam gidc ndy 
thdnh tam gidc Ida; 

(D) Hai tam gidc b&ng nhau nfiu chung cfi chu vi bang nhau. 

Cfiu 2. Gpi tam gidc A'B'C' Id dnh cua tam gidc ABC qua mfit phfip dfii 
hinh. Khdng dinh ndo sau dfly sai? 

(A) Tam gidc ABC bfing tam gidc A'B'C'; 

(B) Tam gidc ABC vd tam gidc A'B'C' cfi difin tich bdng nhau; 

(C) Tam gidc ABC vd tam gidc A'B'C' khdng d 6 ng dang vfii nhau; 

(D) Tam gidc ABC vd tam gidc A'B'C' cfi chu vi bfing nhau. 
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Cfiu 3. Kh&ng dinh nfio sau day luon luon dung? 

(A) Hai t <1 gific c6 cfic canh tdcmg ting bang nhau thi b&ng nhau; 

(B) Hai ttf giac c6 cfic g6c ti/ong ting bang nhau thi bang nhau; 

(C) Hai tOr gidc c6 cac canh tiicmg ting bang nhau vfi hai dddng chfio 
tircmg ling bang nhau thi bang nhau; 

(D) Hai ttf giac c6 hai cap diidng chfio tuong Ofng bang nhau thi bang nhau. 
Cfiu 4. Cho tam gific ABC c6 AB = 5, AC = 6, BC = 7. Biet rang tam gific 

A'B'C' lfi finh cua tam giac ABC qua mot phdp ddi hinh, dilln tich tam 
gific A'B'C' la: 

(A) 6 V6; (B) 36; (C) 6; (D) 18. 

Cfiu 5. Cho diidng trbn (O; R) cd dign tich la 25tc. Gpi (O'; R') la anh cua 
(O; R) qua mot phep ddi hinh, ban kinh R' cua (O'; R’) lfi: 

(A) 5; (B) 10; (C) 15; (D) 20. 

IV. DAP An _ 


Cau 

1 

2 

3 

4 

5 

Bfip fin 

(C) 

(C) 

(C) 

(A) 

(A) 


§6. PHEP VI Tlf 

i. t6m tAt ly thuy£t 

1. Dinh nghla 

a) Cho mgt di«;m 0 co' dinh vfi mot so' k khong doi, k # 0, Phdp bien 

—^ -4 

hinh bien mfii dilm M thfinh diem M' sao cho OM' = k.OM dugc goi lfi 
phdp vi tii tam 0 ti so k. 

b) Kf hi$u: Phdp vj tu tfim O ti so' k thufrng dugc ki hidu lfi V ( q. k)- 

2. Cac tfnh chfi't cua phep vj tU: 

a) Dinh ly 1 : Neu phdp vi tu ti so k bien hai di(?m M, N thfinh hai diem 
M', N' thi: M'N' = k. MN vfi M'N' = Ik I .MN 

b) Dinh 1^ 2: Phdp vi tu bien ba diem thing hfing thfinh ba diem th&ng 
hfing vfi khong lfim thay doi thur tu giOa ba diem thing hfing dd. 

c) Hd qufi: Phdp vi tu ti so k bien dtfcmg thSng thfinh dating thing song 
song (hofic trimg) vdi dudng thfing do, bien tia thfinh tia, bid'n doan 
thAng thfinh doan thfing mfi dd dfii dirge nhfin Idn vdi I kl, bien tam 
gific thfinh tam gific dong dang vdi ti so d6ng dang lfi Ik I, bien gdc 
thfinh gdc bfing nd. 
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3) Anh cua dudng trdn qua phep vi tut: 

Dinh ly 3: Phbp vi tu ti' so k bien dudng trdn cd bdn kinh R thdnh 
dc/dng trbn c6 bdn kinh I k IR. 

4) TSm vi ttf cua hai dudng trdn: Cho hai dudng trbn (I; R) v6 (I'; R'). 
Tin tai diem O de phbp vi tit tam O biln (I; R) thdnh (I'; R'); dilm O 
g<?i 16 tam vi tu cua hai dudng trbn do. 

II. bAi tap cAn ban 

B6i 28. Cac phdp sau day co phai la phep vi tu hay khong: phep doi xdng 
t£m, phdp doi xdng true, phdp dong nha't, phbp tinh tiln theo vectu 

khde 0? 

Giai 

Phlp doi xtfng t6m la phdp vi tu vi vdi M' la anh cua M qua Do thi 
—> —» 

OM' = -OM, tdc la phep vi tu ti sb' k = -1. Tucmg tu ta cd phep dong 
nha't 16 mot phlp vi tu. 

C6c phdp cbn lai khong phai 16 phlp vi tu vi khong t6n tai diem O c 6 

—> —> , ■ 

dinh sao cho OM’ = k.OM vdi diem M bat ky, M' 16 anh cua M qua 

phlp d6. 

Bai 29. C6c khang dinh sau day c6 dung khong? 

a) Phlp vi tu luon c6 diem bat dbng (tdc 16 diem bien th6nh chinh n6) 

b) Phlp vi tu khbng the c6 qu6 mpt diem ba't dbng 

c) Neu phlp vi tu cb hai diem bat dong phan biet thi moi dilm dlu bat dbng. 

Giai 

a) L6 khlng dinh dung vi V (0 , k> (O) = O 

b) D6y 16 khlng dinh sai vi ngo6i dilm O 16 ba't dbng ra thi V ( o, d cbn cd 

—*■ —> 

nhilu diem ba't dong khac O. That v6y: vdi M ba't ky thi OM = l.OM tUc 
16 V (0 , u (M) = M 

c) L6 kh6ng dinh dung vi: 

Gi6 suf ngo6i dilm O 16 ba't dpng thi V<o, k) cbn c6 dilm M kh6c dilm O 
—> —> 

16 ba't dbng thi: OM = k.OM o k = 1. Khi db vdi moi diem N ta dlu 

—4 -4 

cb ON = l.ON, tdc 16 moi diem N ba't ky deu 16 dilm ba't dbng, tdc 16 
phlp vi tp trln cd vb sb' dilm ba't dbng. 

B6i 30. X&c dinh tlm vi tu trong v6 tam vi tu ngo6i cua hai dudng trbn 
trong ede trudng hup sau: 

a) Hai dudng trbn tiep xtic ngo6i vdi nhau. 

b) Hai dudng trbn tilp xuc trong vdi nhau. 

c) Mpt dudng trbn chda dudng trbn kia. 
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a) 


Hi/dng dart giai 


M' 



Cho hai dadng trbn (O; R) v6 (O'; R') ti£p xiic ngo6i vdfi nhau (hlnh trSn) 
TrSn dudng trbn (0; R) lay diem M bat ky sao cho M khdng n6m tr£n 
dadng thing 00'. Ve duftng kfnh M'M" cua dadng tr6n (O'; R') sao cho: 
M'M" // OM (M' cung phi'a vdi M dtfi vdi 00'). Goi Oi, 0 2 lin laqt 16 
giao diem cua 00' vdi MM’ v6 MM". Ta chdng minh dagc 0 2 16 tiS'p 
di4m cua hai dirirng trdn va dong thiri 0 2 16 tam vi ti/ trong c6n Oi 16 
tim vi ta ngo6i cua hai dtfdng trim. 

That v$y: vi OM // M'M" nen: OjM' = ^ 0 X M v6 0 2 M = --5. 0 2 M*, do 

R' R 

dd Oi, 0 2 lin laot 16 tam vi ta ngo6i v6 trong cua hai dadng trdn.) 
b) Tacfng ti/ c6u a) nhang tam vi ta ngo6i 16 tifip diim cua hai dudng 
tr6n, t6m vj ta trong 16 giao diem cua MM" v6 00'. 


c) Tacmg tg c6u a) v6 cau b) 
nhang 0 lt 0 2 deu nim 
trong (O; R) (hinh bdn) 


M' 



B6i 31. Cho hai dudng tr6n (0) v6 (O') cit nhau tai A v6 B. Hay dang qua 
A mQt dadng thing d cat (O) d M v6 cit (O') d N sao cho M 16 trung 
di£in cua AN. 
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Giai 


Ta c6 M la trung diem cua AN 

n@n AN = 2 AM, hay N la 
anh cua M qua phdp vi tif t&m 
A ti so 2. Be dung du&ng 
thSng d ta dung dudrng tr6n 
(O") la anh ciia (O) qua phdp 
vi tu tam A ti so 2; (O") cat 
(O') tai di&m thtf hai la N. Ta 
se chiing minh dudng th&ng 
AN chinh la d. That vay: goi 
M la giao diem khac A cua AN 
va (O), theo each xac djnh N 
thi N la anh cua M qua phdp 
—^ —> 

V(A, 2 ) nfin AN = 2 AM , tdc la M la trung diem cua AN. Theo edeh dung 
(0“) thi dilm N t6n tai duy nhat nen d la t6n tai duy nhd't. 

Bai 3i. Cho duemg tr6n (O; R) va diem I c6' dinh khde 0. Mot di£m M thay 
doi trtn dudng tr6n. Tia phdn gidc cua g6c MOI cdt IM tai N. Tim quy 
tich diem N. 




Mid M tliupc (O; R) n§n quy tich cua diem N la dnh (O'; R'-) cua dUdng 

tr6n (O; R) qua phep vi tu tdm I ti s6' k = ■■ 5^ ■ , trir diism Ni la giao 

OM + 01 

ditim cua (O'; R') vdi 10. 

Dl thd'y 0 thuoc doan 01 va O'O = R' = .R. 
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Bai 33. Cho hai dudng trdn (O) va (O') c6 ban kfnh khdc nhau, ti£'p xuc 
ngoai vdi nhau tai A. Mpt duftng trdn (O") thay doi, lufln luon ti£p xuc 
ngoAi vdi (O) va (O') lan litot tai B va C. ChOrng minh r&ng di/dng thang 
BC lufin di qua mfit difi'm co dinh. 

Giai 



Goi M la giao diem thtf hai cua CB va (O). Do AO"CB can tai O", AOBM 
cSn tai O n&n: C 2 = Cj = Bj = B 2 = Mj => O'C // OM OOMC la 
hinh thang. Vi OM * O'C n£n cac canh b§n O'O va CM k6o dAi c&t nhau 

tai Oi. Trong A0 1 0'0" ta c6: ^ (1). 

6 OjC OjO' R' 

—► 

Vi O, O' c6' dinh va R, R' cho trudc cho n&n tit (1) suy ra Oj c 6 diruh va. OjM 

R 

= — OiC, tdc la Oi la tam vi tit ngoai cua (O) va (O'). T6m lai, diJ&ig thang 
R' 

BC luon lu6n di qua di£m O] la tam vi tit ngoai cua (O) va (O’). 

iii. cAu h6i trAc nghi$m 

Cfiu 1. KhSng dinh nao sau day luon ludn dung? 

(A) Ph6p vj tit la m§t ph§p ddi hinh; 

(B) Ph6p quay la m$t ph6p vi kf; 

(C) Ph6p vi ti/ c6 hai dilm baft dong; 

(D) Ph6p doi xtfng tam la m0t ph6p vi tit. 

Cfiu 2 . Cho M(2; 3); N(-l; 2). Goi M', N' ldn litqt la anh cua M, NT qjai fh4p 
vi tit tl so' k = 2. D6 dai doan th&ng M'N' la: 

(A) y/id ; (B)—-, (C) 2 s/lo; (D)10). 

2 
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Cfiu 3. Cho CK2; 3) v4 M(l; -1), goi M' 14 inh cua M qua phdp vi t\r tim O 
3 

ti s£f --. Toa do cua diim M 14: 

2 


(A) (-1; -4); 

(l 

(B) ±;-4 ; 

(C) (-1; 4); 

(D) - 3 ) 


\2 


U ) 


Cfiu 4. Cho doing thing d: x - 2y + 1 = 0, 1(1; 2). d' 14 anh cua d qua phdp 
vi Ur tim I ti so' k = 2, phuong trinh d' 14: 

(A) x - 2y - 1 = 0; (B) x + 2y + 1 = 0; 

(C) x + 2y - 1 = 0; (D) x + 2y + 2 = 0. 

Cfiu 5. Cho dudng trdn (O): x 2 + y 2 - 2x - 4y + 1 = 0 v4 1(2; -1); M 14 mot 
diem tren (O), gpi M' 14 anh cua M qua phip vi tU tam I ti $6' k = 2. 
Phuong trinh quy tich cua M' 14: 

(A) x 2 + y 2 - lOy + 9 = 0; (B) x 2 + y 2 - 2x - lOy + 9 = 0; 

(C) x 2 + y 2 + lOy + 9 = 0; (D) x 2 + y 2 - lOy - 9 = 0. 

IV. DAP An 


CAu 

1 

2 

3 

4 

5 

Dip in 

(D) 

(C) 

(D) 

(A) 

(A) 


§7. ph£p d6ng dang 

i. t6m tAt ly thuy£t 

1. Dinh nghla phdp ding dang 

Phdp bid'n hinh F goi 14 phdp dong dang vdi ti si' k (k > 0) nS'u vdi hai 
du?m bS't ky M, N v4 inh M', N' cua chung, ta c6: M'N' = kMN. 

2. Dinh ty: 

Moi phdp dong dang F ti so k diu 14 hop th4nh cua m^t ph6p vi tU V ti 
si' k v4 m$t phdp ddi hinh D. 

3) Hi qua: 

Phdp d6ng dang bii'n ba diim thing h4ng th4nh ba dilm thing h4ng 
(v4 khing 14m thay den thtf to ba di£m d6), bii'n dudng thing th4nh 
dudng thing, bi£n tia th4nh tia, biin doan thing th4nh doan thing m4 
dQ d4i di/Oc nhSn lin vdi k (k 14 ti stf cua phdp ding dang), bi£n tam 
gidc th4nh tam gidc ding dang vdi ti si k, bii'n dudng trdn ci b4n kmh 
R th4nh dudng trim cd b4n lunh kR, biin gdc th4nh gdc bing nd. 

4) Hai hinh ding dang 

a) D»nh nghla: Hai hinh goi 14 ding dang vdi nhau n§'u cd phip ding 
dang biin hinh n4y th4nh hinh kia. 
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b) Chri f: Bii vdi cfic tam gific. dinh nghia n 6 i tr 6 n phu hop vdi khfii 
ni?m tam gific ding dang d ldp 8 . 

II. BAl TAP CAN BAN 

Bfii 34. Chufng ti rang niu phfip dong dang F biin tam gific ABC thAnh 
tam gidc A'B'C' thi trong tam, tnic tam, tfim dudng tr 6 n ngoai tiip tam 
gidc ABC lin luot biin thanh trong tam, true tam, tam dudng trdn 
ngoai tiip tam gidc A'B'C'. 

Htf&ng ddn gidi 

• Goi AAi la trung tuyin cua AABC, G la trong tam; A', AJ, G’ lfin luot 
la finh cua A, Ai, G qua mpt phfip ding dang, khi d 6 : 

A'AJ = k.AAi; A'G' = k.AG; G'AJ = k.GAi 

Ma AG = - AAi nSn: kAG = -.k.AAi o A'G' = -A'AJ (1) 

3 3 3 

Mat khde: 

B'A'j = k.BAi; C'AJ = k.CAi va BA] = CAi 
Do d 6 : B f AJ = k.CAi = C' AJ hay AJ la trung dilm cua B'C' 

Suy ra A' AJ la trung tuyin cua AA'B'C' (2) 

Tif (1) va (2) ta ci G' la trong tam cua AA'B'C'. 

• Goi AA 2 , BB 2 , CC 2 lan lugt la dudng cao cua AABC, va H la true tam; A 2 , 
Bj, C 2 , H' lan luot la anh cua A 2 , B 2 , C 2 , H qua phip d 6 ng dang, khi d 6 : 

B, A 2 , C thing hang n£n B' t A 2 , C' thing hang AA 2 B = 90° nen 
A'A 2 B' = 90° hay A' A 2 la dudng cao cua AA'B'C' 

Tuong tu B' B 2 , C'CJ cung la c£c dudng cao cua AA'B'C' 
ma A, H, A 2 thing hang n§n A’, H', A 2 thing hang. 

Tuong tu B', H', B 2 thing hang; C', H', C 2 thing hang 
Do di H' la giao diem cua A' A 2 , B' B 2 , C'C 2 
Suy ra H' la tr\Tc tfim tam gidc A'B'C'. 

• Tuong tu ta c 6 tfim dudng trdn ngoai tiip tam gidc A'B'C' cung la finh 
cua tfim dudng trdn ngoai tiip tam gific ABC qua phip ding dang trin. 

Bfii 35. Chting ti ring cfic da gific diu c 6 cung so canh thi ding dang vdri nhau 
Htf&ng d&n gidi 

Cho hai da gific d4u AjA 2 .A n ; AJA 2 .A„. Phip vi tu ti si 

AjA 2 

biin da gific diu A 1 A 2 .A n thfinh da gific diu BiB 2 .B„ ci cfic canh 

BiB 2 = — 1 AiA 2 = AJ A 2 ; B 2 B 3 = A 2 A 3 ;....; B n Bi = A„ AJ 

AjA 2 
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Mat khdc, hai da gidc ddu c6 canh bing nhau thi bang nhau, do d6 da 

giac B 1 B 2 .B n bang da gidc A'jA^.A„ , khi dd ton tai phdp ddi hinh 

bi£n da gidc B t B 2 .B n thanh da gidc A'jA^.A|,. Ttfc la c6 phdp dong 

dang P ia hop thanh cua phdp vi tu va phdp ddi hinh nhu tren bien da 

giac A 1 A 2 .A„ thanh da giac AjAg.A„ hay hai da gidc A 1 A 2 .A n vd 

A’,A 2 .A„ dong dang vdi nhau. 

Bdi 36. Dung tam gidc ABC nd'u bid't hai g6c B = p, C = y vd mot trong edc 
ydu td‘ sau: 

a) Dudng cao AH = h; 

b) Dudng trung tuyen AM = m; 

c) Bdn kinh R cua dudng tr6n ngoai 

11 tfa tig dt 

a) Ta dung AA'B'C' vdi canh B'C' 
tuy y vd cdc g6c B' = p, C' = y. 

Ve dudng cao A'H cua AA'B'C', 
tren tia HA' dung diem A sao cho 
HA = h 

- Neu A' trung vdi A thi AA'B'C'la tam gidc cdn dung. 

- Nd'u A' kh6ng trung vdi A thi qua A ta dung cdc dudng thing lin luqt 
song song vdi A'B' vd A'C' lin luqt cit dudng thing B'C' tai B vd C, khi 
dd AABC Id tam gidc can dung. 

b) TUOng tg cdu a). 

c) Dung AA'B'C' c6 canh B'C' tuy y vd 
cdc gdc B' = P, C' = y. 

Dung tdm 0 cua dudng trdn ngoai tidp 
AA'B'C'. V6 dudng trdn tam O bdn kinh 
R, di/dng trdn ndy cdt cdc tia OA', OB', 

OC' ldn lugt tai A, B, C. 

AABC Id tam gidc cdn dung. 

111. cAu h 6 i trAc nghi£m 

Cdu 1. Khdng dinh ndo sau ddy sai? 

(A) Phdp vi tU V(o ; 3) Id m$t phdp quay; 

(B) Phdp tinh ti§'n Id mgt phdp dong dang; 

(C) Phdp quay Id m$t phdp ddng dang; 

(D) Phdp dd'i xdng true Id m$t phdp ddng dang. 
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Cfiu 2. Khing dinh nAo sau dAy ludn ludn dung? 

(A) Phep dong dang bid'n doan thing thAnh doan thing cd do dAi bang nd; 

(H) Phep dong clang bidn ba dichn thing hang thAnh ba diem khdng thing hhng; 
(O Phep dong dang bid'll diffrng thing thanh dubng thing song song v<7i no; 
(D; Phep cldng dang bidn gdc thAnh gdc bang n6. 

C’jiu 3. Cho tam giac ABC co di?n tlch 6, goi A'B'C' la anh cua ABC qua 
phep dong dang ti so k = 2. Dien tich tam giAc A'B'C' Id: 

(A) Cy, (B) 12; (C) 18; (D) 24. 

(’an t. (?ho tam giAc ABC co AB = 6, AC = 8, BC = 10. Goi A'B'C' la anh cua 
tam giac ABC qua phep dong dang ti sd —. Cliu vi tain gidc A'B'C' la: 

(A) 12; (B) 22; (0 32; (D) 42. 

Cau 5. Khing dinh nAo sau day dung? 

(A) Hai tam giac vudng lu6n dong dar.g vdi nhau; 

(B) Hai tam giAc can luon dong dang vdi nhau; 

(C) Hai tam giac vuong can ludn dong dang vdi nhau; 

(I) ) Hai hinh binh hanh vA hinh thoi ludn dong dang vdi nhau. 

IV. DAP AN 


Cau 

i 

1 1 

2 

3 

4 

5 

DAp An 

(A) 

(D) 

(D) 

(C) 

(C) 


ON TAP CHUONG 1 

I. CAU HOI KI^M TRA 

CAu 1. Cac khAng dinh sau dAy co dung khdng? 

a) Phep ddng nhA't 1A mdt phAp tjnh ti£n; 

b) PhAp dong nhA't 1A mdt phAp quay; 

c) PhAp d6ng nhat 1A m$t phAp doi xdng tAm; 

d) Phep ddi xdng tam lA mot phep vi tii; 

e) PhAp quay 1A mdt phAp dong dang; * 

f) Phep vi tii 1A mot phAp ddi hinh. 

Tra lefi 

a) Phep dong nhA't 1A phAp tinh tien theo vectd 0 . VAy a) dung. 

b) Phep dong nhat 1A phAp quay vdi gdc quay bing 0. Vay b) dung. 
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c) Ph6p ddng nhat khdng phai 15 phdp doi xufng tdm vi phdp doi xtfng 
tam 15 phdp quay 180°. Vdy c) sai. 

d) Phdp doi xtfng tam 15 phep vj tif ti so -1. Vdy d) dung, 

c) Phep quay 15 mot phep dong dang. Vay e) dung. 

f) Neu k = 1 thi phdp vi tii ti so k la mot phdp d&i hinh, d6 la phep 
donp nhat; neu k = -1 thi phep vi tii ty so’ k 15 phep doi hinh, do la 
phdp do'i xtfng tam. 
k * l 

thi phep vi ttf ty so k khong phai 15 phep dfri hinh vi no 


Nd'u ,, 

[k * -1 

bid'n doan thdng th5nh doan th&ng co d6 dai bang 

{ k ^ 1 
k * -1 


kl lan ntf. 
, dung khi k = ±1. 


Cdu 2. Cho hai didm A, B phan bi£t. Cac khdng dinh sau day c6 diing khong? 

a) Ci duy nhat mot phep doi xtfng true bien A th5nh B; 

b) Ci duy nhat mot phdp doi xufng tam bien A thanh B; 

c) Cc duy nhat mot phtfp tinh tien bien A thanh B; 

d) Ci duy nhat mot phdp quay bien A thanh B; 

e) Co duy nhdt mot phep vi ttf bien A thanh B. 

Tra l*i 

a) Dung vi dtf&ng trung trtfc cua doan thdng AB 15 duy nhd't. 

b) Dang vi trung di£m cua doan thdng AB la duy nhdt. 

^ > 

c) Deng in vdi hai did'm A, B ton tai duy nhdt mfit vector AB c6 chieu Id 

—> 

A den B (ndu c6 cac veettf khde thi vecto dtf cung b5ng AB). 

d) Sai vi qua hai diem A, B ta diing dtftfc v6 so tam giac edn AOB 
(O nim trdn dtffrng trung tn/c cua AB). 

e) Sa vi c6 v6 s6’ phep vi ttf m5 tam vi tit n5m trdn dtffrng thdng AB, bidn A 

—► —> 

th&ni B (vtfi diem O b&t ky trdn AB ta ludn c6 sd k sao cho OB = k. OA ). 
Cfiu S. Hay chi ra m^t s6’ hinh c6 mdt trong ede tinh chdt sau ddy? 
s) Ct v6 s6’ true doi xtfng; 

b) <Cc vo so tdm doi xufng; 

c) Ci dung n true deft xumg. 

Tra liri 

a) 3H‘nh tr6n c6 vo s 6 true doi xufng. 

b) Hinh gom hai dtftfng thdng song song c6 vo so tdm doi xufng. 

c) n - gidc deu co dung n true doi xtfng (n chdn). 
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n. bAi tAp 


Bai 1 . Cho hai dudrng tr6n (O; R), (O'; R'l vA mpt dudng thing d. 

a) Tim hai dilm M, N lAn lupt nftm tren hai dUPng trim do sao cho d IA 
trung true cua doan thing MN. 

b) Xdc dinh dilm I tr#n d sao cho tiep tuyen IT ciia (O; Ri va tiop tuyen 
IT’ cua (O'; R') hap thAnh cAc goc mA d 1A mpt trong cac riufrng phan 
gidc cua ede g6c d6. 

Hititng dan giai 



Goi (Oi; R) IA anh cua dUPng trPn (O; R) qua phAp doi xtfng true d 

- Neu (Oi; R) khdng cit (O'; R') thi khong tdn tai hai diem M, N thoa 
man dieu kien trAn. 

- Nlu (Oi; R) tifip xiic vPi (O'; R') thi ton tai duy nhfi’t m6t cap diim M, 
N thoa mAn dieu ki|n ciia de bAi. 

- NAu (Oi; R) cit (O'; R') tai hai diA'm phAn bipt thi c6 hai cap diem M, 
N thda man diiu kipn trAn. That vAy: 

Gpi N la giao dilm* cua (Oi; R) vPi (O'; R'); qua N dung duPng thing 
vuPng g6c vPi d, duPng thing d6 cat (O; R) tai hai diem, ta sA xAc dinh 
dupe dilm M 1A dilm doi xtfng vPi N qua d, ttfc 1A d 1A duPng trung trpe 
cua MN (hinh v§ trAn). 

N§u (Oi; R) trung vPi (O'; R') thi c6 vd s6' cap diem < M, N) th6a mAn di bAi. 
b) _ v / 


Go (O 2 ; R) lk anh cua (O; R) qua phdp dd'i xdng true d; I lk giao didm 
ciVi tidp tuyen chung cua hai dddng trim (O 2 ; R) vk (O'; R') vdi d, qua I 
ke tidp tuyen IT vdi dddng tron (O; R) (hinh tren). Khi dd d lk dudng 
phan gike cua g6c TIT' (T' Ik tidp diem cua tidp tuydn qua I vdi (O'; 
R')). Vi phdp dd'i xdng true bien gdc thknh gdc bkng nd, cho ndn I lk 
diem phai tim. Tuy vko (O; R) vk (O'; R') mk cd thd cd: mot, hai hokc vd 
so diem I; cung cd the khong cd diem I nko thoa man de bai. 

Bai 2. ChCfng rninh rkng neu mot hinh nko dd cd hai true doi xdng vuong 
gdc vdi nhau thi hinh dd cd tarn dd'i xdng 
Hu&ng dan gi 

M Ik diem bk't ky thude hinh H. 

Gia sd hinh H cd hai true dd'i xdng di, d 2 
vudng gdc vdi nhau tai I; goi Mi = Bdj(M), 

M 2 = Bd 2 (Mi) thi ta cd M 2 thude H. Ta 
sd chdng minh M 2 Id anh cua M qua 
phdp dd'i xdng tarn Di 
Thfit vky: vi Mi = Dd,(M) nen 
IM = IMi, tddng td IMi = IM 2 



Do dd IM = IM 2 (1) 

Mk MIM 2 = MIHi + HjlMj + M^H 2 + H^IM 2 (*) (Hi, H 2 ldn Iddt lk 
giao didm cua MMi, M 1 M 2 vdi di, d 2 > 

Vi MIHj = HJMj vk MJH 2 = I0M 2 ndn tif (*) 

ta cd: MIMg = 2(M^lH! + MJH 2 ) = 2H^H 2 = 180° (do: di 1 d 2 ) 


Suy ra: M, I, M 2 thing hkng (2) 

Td (1) vk (2) ta cd M 2 lk anh M qua Di, hay Bj bidn H thknh H 

Vky I lk tkm dd’i xdng cua H, hay H cd tkm ddi xdng. 

Bki 3. Cho dddng thing d di qua hai diem phfin bi£t p, Q vk A, B nim v4 

—> —► 

mdt phia dd'i vdi d. Hay xkc dinh trdn d hai didm M, N sao cho MN = PQ 
vk AM + BN bd nhfl't. 

Hu&ng dan gidi 
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Gid sCr da tim dirqc M, N thda mdn dl bdi. 

—> —> —> —> —> 

Ldy dilm A' sao cho AA' = PQ, ta c6 MN = PQ <=> MN = AA' 

Suy ra td gidc AA'NM Id hinh binh hdnh, do d6 AM = A'N 
Vdy AM + BN Id bd nhdt khi A'N + BN Id bd nhd't. Ta tim diim N nhii sau: 
Goi A" Id dnh cua A' qua phdp ddi xtfng true d; N Id giao didm cua BA" vdi 
d, khi d6 A'N + BN Id bd nhdt. Thdt vay: Vdi digm N' bdt ky khde N (trdn 
d) ta cd: BN + A'N = BN + NA" = BA" < BN' + N'A" = BN' + N'A' 

Do d6 BN + A'N Id bd nhd't. Vdi didm N xdc dinh nhu trdn, ta xdc dinh 
^ 

ducfc didm M sao cho MN = PQ (M Id anh cua N qua phdp ). Cdc 
diem M, N xdc dinh nhd trgn thda mdn ydu cdu cua d4 bdi. 

Bai 4. Cho vecto -i vd mOt didm O. Vdi didm M bdt kj', ta goi Mi Id didm 

—> —> 

ddi xtfng vdi M qua 0 vd M' Id dilm sao cho M X M' = u . Gpi F Id phdp 
bie'n hinh bien didm M thdnh M' 

a) F Id phdp hop thdnh cua hai phep nao? F cd phdi la phdp ddi hinh 
hay khdng? 

b) Chtfng to rang F id m0t phdp ddi xdng tdm. 

Htf&ng d&n gidi 

a) F Id hop thdnh cua phdp ddi 
xdng tdm O vd phdp tinh tidn theo 

—► 

vecto u vd F Id mOt phdp ddi hinh 

b) Goi I Id anh cua O qua phdp tinh tidn 

theo vecto — u , khi dd I cd dinh vd: 

2 

IM + IM' = 10 + OM + IQ + OM' 



= 210 + OM + OM! + MiM' 


(*) 


md 01 = — u o 210 =-u 
2 


( 1 ) 


Mi = B 0 (M) o OMi + OM = 0 
M' - T. (Mi) «. M^M' * u (3) 


( 2 ) 


Ndn ttt (1), (2) vd (3) ta cd: (*) o IM + IM' = -u + 0 + u = 0 
Hay M' Id anh cua M qua phdp ddi xtfng tdm Dp 
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Bai 5. Cho tain gidc ABC nQi tidp trong dtfdng trbn (O) va mpt diem M 
thay ddi tren (0). Goi Mj la diem doi xufng vdi M qua A; M 2 la diem d 6 'i 
xi'fng vdri Mi qua B; M 3 la diem doi xilng vdi M 2 qua C. 

a) Chung to rang phep bid’n hlnh F bien did’m M th&nh diem M 3 la m 6 t 
phep doi xOfng lam. 

b) Tun quy tich didm M 3 . 

Huang dan gitii 

a) C-oi I la giao diem ciia dirdng thang di qua A va song song vdi BC vdi 
dirang thSng MM3. 

Ta cd BC // M1M3 nen AI // M1M3 ( 1 ) 

MAt khac A la trung diem ciia MMi (2) 

Tit 1) va (2) ta co: AI la 
durdng trung binh cua tarn 
giac MM 1 M 3 , suy ra I la 
trung didm ciia MM 3 va I cd' 
dinh (vi ABCI la hinh binh 

hamh), do d 6 IM + IM 3 = 0 , 
tuf<c la Bi(M) = M 3 , hay phdp 
bi£'n hinh F bid'n M thanh 
Ma a phdp ddi xufng tfim 
(hani tr§n). 

b) V. M thuQc (0) nen M 3 thuQc dirdng trdn (O') la anh cua difdng trdn 
(O) cua phdp dd'i xtfng tam I. 

Bai 6 ;. Goi F la phdp bien hinh c 6 tinh chat sau ddy: Vdi moi cap dilm M, 

—> —> 

N vt dnh M', N’ cua chung, ta ludn cd M'N' = k. MN , trong d 6 k la m$t 
36 ' kadng dd’i khdc 0. Hay chufng minh r&ng F la phdp tinh tid'n ho3c la 
phidf vi td. 

Hu&ng d&n gidi 



■ W k = 1 ta cd: M'N’ = MN o M'M + MN' = MN' + N'N 

—* ' 

o MM' = NN' ndn F la phdp tinh tid'n. 

- V7<5 k * 1, ta chtfng minh diroc NN' cit MM' tai mpt did’m, goi did’m dd 


ia O d4 thay MN // M'N', do dd OM' = k. OM , ON’ = k. ON vdi moi cap 
dife’n (M, N). Vay F la phdp vi tu (diem O cd' dinh). 
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Bai 7. a) Cho tam gidc ABC va hinh vuong MNPQ (iihtf hinh 27 - SGK). 

AB 

Goi V la phdp vi ta tam A ti s6' k = -. Hay dang dnh cua hinh vuong 

AM 

MNPQ qua phdp vi ta V. 

b) Tir bai todn d cau a) hay suy ra cdch gidi bai toan sau: Cho tam giac 
nhon ABC, hay dang hinh vuong MNPQ sao cho hai dlnh P, Q nim tren 

canh BC va hai dinh M, N ldn lacrt nam trfin hai canh AB va AC. 

• • a 

Hitting dan gidi 


—> AR AD 

a) Ta c6 AB = —.AM nen B = V (A _, 
AM AM 

TtogwC.V.^OTW^.f)- 

Tir B, C dang di // MQ; d 2 // NP. 


>(M) 


Khi d6: 


AB _ AQ' 
AM ” AQ 


suy ra: 


AQ' = TO * ~ A ^' = ^ 

AQ AM 

hay Q' = V, A . -^,(Q) 

AM 

Tacmg ta P' = V, A< — ,(P) 

AM 



P' 


V£y hinh vu6ng BCP’Q' la anh cua hinh vuong MNPQ qua phdp vi ta: 

V,a. —> (hinh ban) 

AM 

b) Tir cfiu a) ta suy ra each dang hinh vuong MNPQ c6 hai dinh P, Q 
n&m tren canh BC va M, N lan loot nam tren canh AB, AC nha sau: 
Dang hinh vuong BCP'Q'; khi d6 Q, P ldn lacrt la giao diem cua BC vdi 
AQ' va AP'; M, N l&n lacrt la giao diem cua cac dadrng thdng di qua Q, P 
va vu6ng g6c vdi BC vdi ede canh AB va AC. Khi d6 MNPQ la hinh 
vu6ng thoa mdn ede dieu kidn tren (That v$y: tuf gidc MNPQ la dnh cua 

hinh vufing BCP'Q' qua phdp vi ta tam A, ti stf k' = ndn tdr gidc 


MNPQ Id hinh vufing). 

Bai 8. Cho dadrng trd>n (O) c6 dadrng kinh AB. Goi C la di£m doi xufng vdi A 
qua B va PQ la dadrng kinh thay doi cua (O) khde dadrng kinh AB. Dadrng 
th&ng CQ cdt PA vd PB lan lacrt tai M vd N. 

a) Chtfng minh rdng Q Id trung diem cua CM; N Id trung diem cua CQ 

b) Tim quy tich ede di€m M vd N khi dadrng kinh PQ thay doi. 
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Hating d&n gidi 

a) Ta co t <1 gi&c APBQ Id hinh binh hSnh nen AP // BQ 
Suy ra BQ // AM (1) 

Mat kh£c C doi xdng vdi A qua B nen B la trung di£m cua AC (2) 



Tif (1) vk (2) ta co BQ la dabng trung binh cua ACAM hay Q la trung 
diem cua CM 

Ttfcmg tii: BN la dirtmg trung binh cua ACAQ hay N la trung diem cua CQ. 
PR PQ 1 —> —» 

b) Ta c6 —— = = — =s> CM - 2CQ hay M la anh cua Q qua phbp 

CA CM 2 

vi ta tarn C ti so k = 2, mat khdc Q thu6c (0) nfin M thudc (O') la anh 
cua dating tr6n (O) qua phtip vi ta tren. 

V|y quy tich cua diem M la dating trbn (O') la anh cua (O) qua ph6p vi 
tti tSm A ti so k = 2. 


Tifcfng ta ta c6: BN = -- BP hay N la anh cua P qua ph6p vi ta tarn B 
2 


ti s6' k = - -. Vi P thudc dating trbn (O), nSn: 


Quy tich cua N la dating trbn (O") la anh cua dating trbn (0) qua phbp 

vi ta tarn B ti so k = - — (hinh tr§n). 

2 

Bai 9. Cho dabng trbn (O; R) va dib’m A c 6 dinh. M6t day cung BC thay doi 
cua (O; R) cb dp dai khdng db’i BC = m. Tim quy tich cdc diem G sao cho 
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GA + GB + GC = 0 



Hitting dan gidi 



* Truong hop 1: BC = m = 2R, khi d6 BC la di/dng kinh cua (O; R), de 

thay GA + GB + GC = 0 o GA = - OA (1). Vi A, 0 c6' dinh nen tvf 

3 

(1) => G c6' dinh. Quy ti'ch c4n tim la diem G co dinh th6a man (1) 

* T fitting hop 2: BC = m < 2R 

Goi I la trung di§m cua BC, ta c6 01 1 BC vA OI 2 = OC 2 - IC 2 

( \ 2 

o 01 2 = R 2 - I ™ j , suy ra 01 c6 do dai khong d6i 

\ 2 ) 


Do do quy tich cua diem 1 la diimg trbn tain 0 ban kinh Ri 



—> —> —> ■* 

khac: GA GB + GC = 0 nAn G la trong tarn tarn gidc ABC, khi d6 

-» 2 2 

AG = — AI, suy ra G la anh ciia J qua phep vi tif tam A ti so - mA I 
3 • <1 


thuoc difcrng trftn (O; Rj) nen quy tich ciia diem G la difdng tr 6 n (O 2 ; R 2 ) 

2 

la anh ciia di/dng tron (0; Ri) qua ph 6 p vi tu tain A ti s 6 -. 

3 

III. CAU HOI "RAC NGHlgM 

Cfiu i. Clio hai riUfrng thflng song song d vA d'. Co bao nhi&u phdp tinh tien 
bicn difdng lilting d thanh duftng t hang d‘? 

(A) Khong 1:6 ptibp tinh ti#'n nAo; 

(B) Co duy nha't mpt ph 6 p tjnh tien; 

(C) Chi c 6 hai phdp tinh ti£n; 

(D) Co rat nhi&u ph£p tinh tien. 


Gidi 


Vdi moi di£m A thufic d va A' thuoc d’ ta co mot phep tinh ti£n theo 
—> 

vecto AA' bien d thAnh d', nen co rat nhieu phep tinh tien biS'n d 
thanh d'. Vfly ddp An (D) la dung. 
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Cfiu 2. Cho btfn dddng thing a, b, a', b' trong d6 a // a’; b // b'; a cit b. C6 
bao nhieu ph£p tinh tien bien dddng thing a va b lin ld<?t thanh cdc 
dddng thing a' va b'? 

(A) Khong c6 phep tinh tien nao; (B) Co duy nhd't m$t ph£p tinh tien; 
(C) Chi c6 hai phdp tinh ti§'n; (D) C6 rat nhilu ph£p tinh ti£n. 

Giai 

Goi A la giao diem cua a va b. Gia sd co ph4p tinh tid'n T. bi&'n a thanh 

a' va b thanh b', goi A' = T.(A). Do A la giao dit?m cua a v& b n£n A' 

cung la giao diem cua a' va b' 

-» —> 

v = AA'. \ iy tin tai 
duy nha't phep 'inh tien 
bien a va b lan lifot 
thanh a' va b', dap an 

(B) dung. 



CSu 3. Cho hai dddng thing cat nhau d va d'. C6 bao nhifiu phdp doi xdng 
tryc bi§n dddng thing d thanh ddcmg thing d'? 

(A) Khdng c6 ph6p dfi'i xdng true nao; 

(B) C6 duy nha’t m§t ph6p d6'i xufng true; 

(C) Chi c6 hai ph6p doi xufng tryc; 

(D) C6 rdt nhieu ph6p doi xdng true. 

Giai 

Gia sd c6 ph6p dd'i xdng true 
bia'n d thanh d', goi M la diim 
n&m tren d va M' = D A (M) do do 
A la difirng trung trdc cua doan 
thing MM' suy ra A la difdng 
ph&n giac cua g6c tao bdi d va d'. 

Ma d va d’ cit nhau tao nen hai cap g6c bang nhau n§n co hai dudng 
phin giac, do d6 tin tai hai phdp doi xdng true biin d thanh d'. V§y 
dip an (C) la dung. 

CAu 4. Tronj* ede hinh sau day, hinh nao c6 4 true dd’i xdng? 

(A) Hinh binh hanh; (B) Hinh chd nhat; 

(C) Hinh thoi; (D) Hinh vufing. 
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Gidi 

Trong cric hinh tren thi chi c6 hinh vuong cri bon true doi xifng dri la eric 
da&ng thring di qua trung diem cua eric crip canh doi dirin vri dadng chrio 
cua hinh vuong. 

Vriy drip rin (D) dung 
Nhrin xrit: Hinh binh hanh, hinh 
chiJ nhrit, hinh thoi cri the lri 
hinh vuong n6n eric hinh ay, 
trong nhiifng tnrdng hqp rieng cu 
thri' vrin c6 the cri 4 true doi xifng. 

Cfiu 5. Trong eric m£nh dri sau, menh dri nrio sai? 

(A) Hinh gom hai daring tr6n khring bring nhau cri true dri'i xifng; 

(B) Hinh g6m mot daring trrin vri mot doan thring tuy y c6 true dd'i xiirng; 

(C) Hinh gom mot daring trrin vri mrit daring thring tuy </ co true ddi xifng; 

(D) Hinh g6m mot tarn giric can vri daring trrin ngoai tiri'p tam giric dri c6 
true doi xdng. 

Gidi 

Hinh g6m mrit daring trrin vri mot 
doan thring ma daring thring noi 
trim ciia daring trrin vri trung diem 
ciia doan thring dri mri khring 
vuong gric horic khong chfla doan 
thring do sd khong co true dri'i 
xufng. Vriy (B) lri menh de sai. 

Criu 6. Trong eric hinh sau day, hinh nrio khring cri trim do'i xifng? 

(A) Hinh gom mot daring trrin vri mot hinh chif nhrit noi tiri'p; 

(B) Hinh gom mot daring trrin vri mot tam giric deu noi tiri'p; 

(C) Hinh luc gme d6li; 

(D) Hinh gom mot hinh vuong va mot daring trrin noi tiri'p. 

Gidi 

Hinh gom mot daring trrin vri mot tam giric deu noi tiri'p khong c6 trim 
dri'i xifng vi tam giric driu khong cri trim dri'i xufng. Vriy dap rin (B) dung. 
Cfiu 7. Cho hinh vuong ABCD trim O. Xrit phrip quay Q c6 trim 0 vri gric 
quay <p. Vdi giiri tri nrio sau day cua i|>, phrip quay Q biri'n hinh vuong 
ABCD thrinh chinh no? 

(A) = -; (B) - ; (0)?; (D)J. 

6 4 3 2 
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Giai 

V; hai difdng cheo cua hinh vuong vuong g6c vdi 

nhau tai O nen Q«> — ,(A) = B, Q ( o — ) 

2 2 

(B) = C, Q (0 - . (C) = D, Q,o. - ,(D) = A nfin Q (0 . -, 

2 2 2 
bien hinh vuong ABCD thanh chinh n6. Vay dAp 
An (D) dung. 

Cftu 8. Cho hai difdng thang song song d vA d'. C6 bao nhiSu ph£p vi tif vdi 
ti sd' k = 100 bien d thanh d'? 

(A) Khong c6 phep nAo; (B) C6 duy nhfi't mQt phdp; 

(C) Chi c6 hai phgp; (D) C6 rA't nhilu phAp. 

Giai 

Vdi moi diem M thu$c d, difng difdng thftng A khdng song song vdi d cAt 

—V —> 

d' tai M', khi do luon ton tai diem O sao cho OM' = 100OM 

Mat khAc qua O ta difng difcfc vo so difdng thAng A khong song song vdi 

d. Vay co vo so phAp vi tif bien d thanh d’, do do dAp an (D) la dung. 

Cou 9. Cho difdng tr6n (O; R). Tim menh de sai trong cAc menh de sau dAy: 

(A) C6 phep tinh tien bien <0; R) thAnh chinh n6; 

(B) Co phep vi to biA'n (O; R) thanh chinh nd; 

(C) Co phep doi xting true bien (O; R) thAnh chinh n6; 

(D) Trong ba menh de A, B, C co it nha’t mpt m$nh de sai. 

Giai 

Phdp tinh tien theo vector 0 bien (O; R) thanh chinh no 
Phdp vi tif tam O ti s6" -1 bien (O; R) thAnh chinh n*> 

Phdp doi xdng true co true la difdng thang di qua O bien (0; R) thAnh 
chinh n6. Vay dap an <D) la sai. 

Cilu 10 . Trong cac menh de sau day. menh de nAo sai? 

(A) Tam vi tii ngoai ciia hai difdng trdn nAm ngoAi hai difdng trim <16; 

(B) Tam vj tu ngoai cua hai difdng tron khong nAm giifa hai tam cua hai 
difdng trim do; 

(C) Tfim vj tu trung ciia hai difdng tron luon thuor doan thang noi tam 
ciia hai difdng tron do ; 

(I)» Tam vj tif cua hai difdng iron co the la diem cluing ciia hai difong trim 

Giai 

Tam vj tu ngoAi ciia hai difdng tron clu'fa nhau nAm trong hai hinh trim 
do. That vay: 

Vi OM !! O’M' non 

I" 






o 0*0 < R o ~ ~ < 1 « O'O < R’ - R bat ding thufc 

R - R R - R 

n&y dung v) (O') chi'fa (O). V(iy (A) sai. 

CSu 11. Phep bien hinh nho s.iu day khong c6 tinh chat: “Bi£n mot dtfdng 
thing thinh dtfong thing song song hoAc triing vdi no”? 

(A) Phep tinh tien; iB) Phep do’i xtfng tAm; 

(C) Phep dd'i xtfng true; (I)) Phep vj tif. 

Giai 

Phep doi xdng true, bien 
difdng thing d khdng song 
song vdi true thanh difdng 
thing d' di qua gino diem 
on a d vdi true. 

Vdy dan an (C) la dung 
Cun 12. Trong ede mgnh de sail, inenh de nfto s. 

(A) Phep ddi hinh 1A mot phep dong dang; 

(B) Phep vi tif la mc)t phep dong dang; 

(C) Phep dong dang la mot phep ddi hinh; 

CD) Co ph6p vi tif khong phai la phep dAi hinh. 

Giai 

Phep d6ng dang khong phai U phep ddi hinh vi n6 khong bao to&n 
khoang cAch gitfa hni di&n bat ky. Vay inenh d4 (C) sai. 

IV. DAP AN 



Can | L ]_?_3__ -1 1 5 6_7_8_9 10 11 12 

Dap an j (D) j (B ) Ro (D) j_(B) (B) (D) (D) 1 (D) (A) (C)T(C') 
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CHtftfNG II. BtfOfNG THARG VA MAT PHARG TRORG KHOHG GIAN 
QDAR HE SORG S0H6 

§1. DAI CLfdNG VE Dl/CfNG THANG VA MAT PHANG 

i. t6m tat ly thuy£t 

1. Cac tlnh chat thufa nhan cua hinh hoc khong gian 

* Tinh chat 1: Co mfit va chi mot diitfng thang di qua hai diem phan 
biet cho tnfdc. 

* Tinh chat 2: C6 m6t vk chi mdt mat phang di qua ba di«?m khong 
thang hang cho tnfdc. 

* Tinh chat 3: Ton tai bon di£m khong cung nam tren mpt mat phang 

* Tinh chat 4: NlTu hai mat phang phan biet co mot diem chung thi 
chung co mot difdng thang chung duy nhat chita tat ca cac diem chung cua 
hai mat phang rlo 

•* Tinh chat 5: Trong moi mat phang, cac ket qua da biet ciia hinh hoc 
[ihang deu dung. 

2. Hinh ly: 

Noii mot thicfiig thang di qua hai diem phan biet ciia mot mat phang 
thi moi diem cua difdug thang deu nMm trong mat phang do. 

H. Dic.u dfn x:ic dinh mat phang 

* Mo', mat phang difpc xac djnh neu bi§t no di qua ba di£m khong 
thang hang 

‘ Mot mat phang xac dinh neu biet no di qua mot ditffng thang va m6t 
di4m khdng thuoc ditcing thang d<5. 

* Mpt mat phang ditpc xac djnh neu bie't n6 di qua hai duong thang 
cat nhau. 

4. Hlnh chop va hinh tuT di£n 

* Cho da giac AjA^. ..A n va mot diem S nam ngoai mat phang chita da 

giac d6. Noi S vdi cdc dinh A|, A... A„ de ditpc n tarn giac SA 1 A 2 . 

SA2A3.SA„A, 

Hinh gom n tam giac do va da giac A 1 A 2 .A„ goi la hinh chop va ki 

hieu la S. A 1 A 2 .A„ 

* Hinh tit dipn la hinh ch6p co day la mot tit giac. 

II. BAI TAP CAN BAN 

Bai J. Trong cac mpnh de sau, mdnh de nao dung? 

a) C-6 duy nhat mot mat phang di qua ba diem cho tntdc; 






b) Cb duy nhA't m^t mat phlng di qua ba dilm khong thing hang cho tnftSc; 

c) Ba dilm khong thing hang cung thu$c mbt mat phlng duy nha't. 

Tri lifi 

* M$nh dl a) sai (NAu ba dilm thang hang thi cb v6 s6 mat phlng di qua) 

* Mpnh dl b) dung. 

* Mpnh d4 c) dung. 

Bai 2. Em hay giai thich vi sao do vAt cb bon ohfin nhii ban, ghe,.-. thudng 
dl bi clp kenh. 

Tri lifi 

C6 mpt sd' nguyen nhan sau din den m|t s 6 do vat c6 bb'n chan nhu 
ban, gh§', ... thUdng bj cap kenh. 

* Do bon chan ciia nb c6 chan ngln, chan dai n§n khi ta dat chung len 
mpt mat phang (chlng han mat phang la nen nha) bon chin db khbng 
cung nlm tren m$t mat phang chung bj cap kenh. 

* Do nln nha ma ta dat chung len khong thifc sir phlng (gia sd cdc 
chan ghe co db dai bang nhau) nen din db’n ghe', ban,... bi cflp kbnh. 

Noi tom lai: Nhurng db vAt trbn bi cAp kbnh do 4 diem tiep xuc cua cdo 
chan do vAt va san nha khbng thirc sir nlm tren mot mat phang. 

Bai 3. Vbi m|t cAi thudc thing, lam th£ nlo db phat hi§n mbt m|t bln cb 
phlng hay khong? N6i rb can cur vAo dAu mb ta lam nhir v|y? 

Tri lifi 

De phat hipn dupe mpt mat ban cb phlng hay khong bang mot cdi 
thudc thing, ta dat cai thirbc lbn mat ban, sau db day thirbc khlp mat 
ban, khi db neu tai moi vi tri day ta thly thudc vA mat ban khit nhau 
thi mat ban phlng, cbn ne'u thudc va mat ban khong khit nhau (thudc bi 
venh ra khoi mat phlng ban) thi mat ban khong phlng. 

Cdch lam tren c8n cur vao dinh 11: “Neu mot ducrng thing di qua hai 
diem phAn bipt cua mpt mat phlng thi moi diem ciia dudng thing dlu 
nlm trong mat phlng db". 

Bai 4. Cho hai mat phlng (P) vA (Q) clt nhau theo giao tuyb'n A. Tren (P) 
cho dudng thing a vA tren (Q) cho dudng thing b. Chufng minh ring neu 
a vA b clt nhau thi giao diem 

Gia su A 1A giao diem cua a 
va b. Ta phai chdng minh A 
nlm tren A 1A giao tuyeii ciia 
(P) va (Q). 

That vay: 

Ta cb: A e a => A e (P) (1) 



A e b ^ A e (Q) (2) 

Tti (1) vA (2) => A 1A diem chung cua (P) vA (Q) 

=t> A phai nAm tren A (dpcm). 

Bai 5. Cho mAt phing (P) vA ba diim khong thing hAng A, B, C cung nAm 
ngoAi mat phing (P). Chufng minh ring nfiu ba dating thing AB, BC, CA 
deu cit mp (P) thi cac giao diem do thing hAng. 

Gidi 

Gia sOf cAc dating thing AB, BC, CA cAt 
(P) lin lagt tai C', A', B'. Vi A, B, C 
khfing thing hAng nen ta c6 mp (ABC) 
dace xAc dinh. 

Cac diem A', B', C' lin ltidt thugc cAc 
dating thing BC, CA, AB cua mp (ABC) 
nen chung cung thuoc mp (ABC). Mat 
khAc mp (ABC) phAn biet vdi mp (P). 

VAy A', B', C' thugc giao tuye'n cua hai 
mat phing (ABC) vA (P), nghia 1A A', 

B', C' thing hAng. 

Bai 6. Trong cAc m$nh de sau, menh di nAo dung? 

a) C6 duy nhat m^t mat phing di qua mtit di4m vA mol doting thing cho trade. 

b) C6 duy nhA't m$t mat phing di qua mot diem vA mtit dating thing 
chura ditim dd. 

c) C6 duy nhA't m$t mat phing di qua m$t diem vA mtit dating thing 
khong chda diem dd. 

Tra lari 

* M$nh de a) sai 

* Mgnh de b) sai 

* Mgnh de c) dung. 

BAi 7. HAy tim minh di dung trong cAc m£nh de sau day: 

a) Cd m$t mat phing duy nhA't di qua hai dating thing cho trade. 

b) Cti mOt mat phing duy nhA't di qua hai dating thing cit nhau cho trade. 

c) C6 duy nhA't m$t mat phing di qua hai dating thing mti hai dating 
thing dd lin Itiot nim tren hai mat phing cit nhau. 

Tra Uti 

* Mgnh de a) sai 

* Mgnh d4 b) dung 

* M§nh di c) sai. 


A 
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Bai 8. Cho hai dirtmg thing aviib cat nhau. Mpt dufrng thing c clt ca a va 
b. C6 the k&t luln rang ba dacmg thing a, b, c cung nlm trong mpt mat 
phlng hay khong? \ 

Trn Ibi c 

Goi A la giao dilm cua a vH 

* Neu c khong di qua A thi ba 
di/dng thing a, b, c dong phang. 

* Ntfu c di qua A thi a, b, c c6 
th§ dong phlng ho|c khong 
dong phlng. 


Bai 9. Cho ba dtfdng thing a, b, c khong ciing nlm trong m$t mat phlng 
sao cho chung d6i mpt clt nhau. Chi'fng minh ring chung ding quy. 

Gidi 

Goi a, b, c la ba difdfng thing khong cung nlm trong mot m|t phlng va 
ddi m6t clt nhau. Gil sd: 

A = bnc, B = coa, C = aob 
Neu ba diem A, B, C phln biet thi 
ba dirdng thing cung nlm trong 
mpt mat phlng, dilu nly trai vdi 
gia thiet. Vly clc diem A, B, C 
phai trung nhau, nghla 11 ba difdng 
thing a, b, c ding quy. 

Cliu y: * Ba difdng thing ddng quy c6 the nlm trong mpt mat phlng 
(hay cbn goi la ding phlng) nhtfng cung c6 the khfing cung nlm trong 
mpt mat phlng (hay con goi la khong dong phlng). 

* C6 thi ting quit h6a bli toln tren nhif sau: N§'u n dtifrng thing 
(n S 3) doi mot clt nhau ma khong ding phlng thi dong quy. 

Bai 10. Cho hai dittng thing a, b clt nhau tai dil’m 0 vl dacmg thing c clt 
mp (a, b) d dilm I khlc 0. Goi M la mot dilm di ding tren c khlc I. 
Churng minh ring giao tuyen cua clc mat phlng (M, a) va (M, b) nlm 
trln mot mat phlng co dinh. 

Gidi 

Hai m|t phlng (M, a) va (M, b) c.o 
hai dilm chung la M va O nen giao 
tuyen ciia chung 11 dPbng thing MO. 





50 



Khi M di dong tren c, giao tuyS'n MO nSy lu6n luon nSm trong mat 
phang (O, c) c6 djnh. 

Bai 11. Cho hinh binh hanh ABCD nSm trong mp (P) va m$t diim S nkm 
ngoSi (P). Goi M la diem nSm giCfa S va A; N la diem nam giCifa S va B; 
giao diem cua hai diidng thang AC va BD la O. 

a) Tim giao di£m cua mp (CMN) vdi dating thang SO. 

b) Xac dinh giao tuyen cua hai mat phang (SAD) va (CMN). 

G 

a) Chon mp (SAC) chufa SO va di 
thay hai mat phang (SAC) va 
(CMN) c6 hai diem chung la C va 
M nen giao tuyen cua chung la 
CM. Ttf d6 ta goi I la giao diem 
cua CM va SO thi I cung la giao 
diim cua mp (CMN) vdi dating 
thang SO. 

b) Trcng mp (SBD) kdo dai NI c&t 
SD tai P khi dd ta c6 M vd P la 
hai diem chung cua hai mat 
phang (SAD) va (CMN) 

VSy NP la giao tuyS'n cua hai mat phang dti. 

Bai 12. VS hinh biS’u diin cua mdt hinh ch6p tu giac trong cAc trtiting hap 
d^y la tuf gidc. I6i, day la hinh binh htinh, day la hinh thang. 
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Bai 13. ThiA't dien ciia mot hinh tijr dien c6 the 1A tam giac, tuf gidc hoAc 
ngu gidc hay klifing? 

Tra lifi 

Tuf di6n hinh c6 bon mat. Nhif vAy thiet di§n ciia tuf dien khi cAt bdi 
mpt mat ph&ng chi c6 thf? la m6t tam giac hoAc mpt td giac, kh6ng the 
la mot ngu gidc. 

Bai 14. Dung bia cdng cat va dan lai de thanh: 

a) Mpt tuf dien deu; 

b) Mot hinh chdp tuf giac c6 day la hinh vubng va cac mat b£n la nhufng 
tam gidc dlu. 

Tra lifi 

(Hoc sinh tii cat) 

a) Liiu y hinh tuf dien d4u la mot tuf dien co day la tam giac d£u va chan 
difdng cao trung vdi tam cua day, cdc mat ben la nhufng tam gidc cAn. 

b) Tucfng tii cau a). 

Bai 15. Cho hinh ch6p td gidc S.ABCD. Ba diem A', B', C' lAn li/pt nflm 
tren ba canh SA, SB, SC nhi/ng khong trung vdi S, A, B, C. Xdc d|nh 
thiet dipn cua hinh chdp khi cat bcti mp (A'B'C') 

Tra lifi S 

Goi O la giao di£m cua AC vA BD. Trong mp 
(SAC), goi I la giao dichn ciia SO vA A'C' 

=> I nAm tr£n mp (A’B'C') 

Trong mp (SBD) kdo dAi B'l 
cat SD tai D’ thi D' 1A giao 
diA’m cua SD vdi mp (A'B'C) 

VAy thiet di£*n cua hinh ch<5p khi 
cdt bcri mat phang (A'B'C') la tuf 
gidc A'B'C'D'. 

Bai 16. Cho hinh ch6p SABCD. Goi M la mpt diem nAm trong tani gi:ic SCD. 
n) Tim giao tuyG'n ciia hai mat phang (SBM) va (SAC) 

b) Tim giao diem ciia dtfftng th&ng BM va mp (SAC) 

c) Xdc dinh thi$'t die: .:\ hinh chop khi crtl l«Vi mp (ABM). 

Trd lifi 

n) Trong mp(SCD) keo dAi SM cat CD 
tai N, noi BN va AC c;U nhau tai 1. 

Khi do S va I la hai diem cluing ciia 
hai mat phang (SAC) vA mptSBM) 
to giao tuyen ciia chung la difcfng 
thdng SI. 
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b) Theo cau a) ta cd SI la giao tuyen cua (SBM) va (SAC) ma BM c (SBM) 
=> Giao diem K cua SI va BM chinh 

la giao diem cua BM va mp(SAC) 

c) Trong mat phing (SAC), keo dai AK cat SC tai P, nd'i BP, kdo dai PM cit 
SD tai Q sau d6 ndi A vdi Q. Khi do thiet dipn can tim la td giac ABPQ. 

m. cAu h6i trAc nghi$m 

Cflu 1 . Trong cdc m£nh de sau dSy, menh de nao dung? 

(A) Hai mat phang c6 mpt diem chung thi di§m chung d6 la duy nha't; 

(B) Hai mat phing c6 mot diim chung thi chung c6 mpt dadng thing 
chung duy nhd't; 

(C) Hai mat phing phan bi§t c6 mpt diem chung thi chung c6 mfit 
dadng thing chung duy nha't; 

(D) CA (A), (B), (C) d£u sai. 

Cfiu 2 . Trong cic mpnh de sau day, mfnh dl nao dung? 

* (A) C6 v6 so mat phing di qua bon diem khong thang hang cho trade; 

(B) C6 duy nhat mpt mat phang di qua bon diem khong thing hang cho trade; 

(C) C6 duy nhat mpt mat phang di qua ba diem khong thing hang cho trddc; 

(D) C6 vo so” mat phing di qua ba diem khong thing hang cho trade. 

Cau 3. Cho td gidc ABCD nim trong mp(P) cd hai canh AB va CD khong 

song song, cit nhau tai E. Goi S la mpt diem nim ngoai mp(P) va M li 
trung diim cua doan SC. Giao diem cua SD va mp(MAB) la: 

(A) Giao diim cua SC va EM; (B) Giao diim cua SC va SD; 

(C) Giao diem cua AB va DC; (D) Giao dilm cua 3D va EM. 

cau 4. Cho bd’n dii’m A, B, C, D khfing dong phing. Goi I, K lin la<?t la 
trung diim cua AD va BC. Giao tuy£n cua hai mat phing (IBC) vd 
(KAD) la: 

(A) Dudng thing IK; (B) Dadng thing IB; 

(C) Dadng thing KD; (D) Dadng thing AB. 

Cau 5. Cho hlnh chdp td gidc SABCD va mpt mat phing (a). KhAng djnh 
nao sau day la dung ve thiet dipn cua hinh chdp va (u). 

(A) Thi£t di§n khdng the la mot tarn giac; 

(B) Thi§t didn c6 the’ la mdt tarn giic; 

(C) Thiot dien khdng thi’ la mpt ngu gidc; 

(D) Thiet dipn c6 the la mot lyc gidc. 
iv. bap An 


| Cau 

1 

2 

3 

4 

5 

1 Dapan_ 

_(C) 1 

(C) 

(D) 

(A) 

(B) 
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§2. HAI DtfCfNG THANG SONG SONG 


i. t6m tAt ly thuy£t 

1. Dinh nghia 

- Hai dudng thing goi la dong phing ndu chung cung nim trong mot 
. mat phing. 

- Hai dudng thing goi la chdo nhau ndu chung khdng dong phing 

- Hai dudng thing goi la song song nd'u chung d6ng phing va khdng cd 
diem chung. 

2. Tfnh ch4't ve hai dUdug thang song song 

- Trong khdng gian, qua nipt diem n&m ngoai mpt dudng thing, cd mot 
va chi mot dudng thang song song vdi dudng thing do. 

- Hai dudng thing phan bipt cung song song vdi mpt dudng thing thuf 
ba thi song song vdi nhau. 

- Neu ba mat phing doi mpt cit nhau theo ba giao tuyen phan bipt thi 
ba giao luydn tfy hodc dong quy hoSc doi mpt song song. 

- Neu hai mat phing phan bipt lan lupt di qua hai dudng thing song 
song thi giao tuyen cua chung (neu co) song song vdi hai dudng thing 
dd (hoac trung vdi mpt trong hai dudng thing dd) 

II. BAiTAPCAn BAN 

Bai 17. Tim mdnh di dung trong cdc mpnh de sau: 

a) Hai dudng thing cheo nhau thi khong cd diim chung. 

b) Hai dudng thing khong cd diem chung thi cheo nhau. 

c) Hai dudng thing khong song song thi chdo nhau. 

d) Hai dudng thing phan bipt khong cat nhau va khdng song song thi 
cheo nhau. 

7yd m 

- Minh di a) dung. 

- Minh di b) sai (chung cd the song song) 

- M§nh di c) sai (chung cd the cit nhau; trung nhau) 

- Minh di d) dting. 

Bai 18. Cho tti diin ABCD. Goi M, N li hai diem phan bidt cung thudc 
dudng thing AB; P, Q la hai diem phan bidt cung thupc dudng thing 
CD. Xdt vi tri tuong doi cua hai dudng thing MQ. NP va vi tri titong doi 
cua hai dudng thing MP, NQ 
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Gidi 

Do AB va CD la hai canh doi 
cua hinh ch6p ABCD 
=> AB vh CD la hai dudng th^ng 
ch6o nhau => B6'n dij?m M, N, P, 

Q khong dong ph&ng 
=> MQ, NP ch6o nhau va MP, 

NQ cung ch6o nhau. 

Bai 19. Cho td di§n ABCD. Bon di£m P, ( 

S l&n litot nflm tren bfln canh AB, BC, 

DA va khong trung vdi cdc dinh cua td 
dien. Chdng minh rang: 

a) Bon di^m P, Q, R, S d6ng phing khi va chi khi ba difdng thling PQ, 
RS, AC hoac dfii m6t song song hoac dong quy. 

b) Bon difim P, Q, R, S dong phang khi va chi khi ba dtfdng th&ng PS, 
RQ„ BD hoac d6i m§t song song hoac dong quy. 

Gidi 

a) Vi bon diem P, Q, R, S dong phang nen ton tai mot mp(a) chda bdn 
diem d6. Ba mat phang (a), (DAC), (BAC) c6 giao tuy§'n la SR, PQ va 
AC. Nhif vdy ba diidng th£ng d6 hoac dong quy hoac doi mQt song song. 





bi Titfng to a), ba diidng th&ng PS, RQ, BD hoac doi m$t song song hoac 
donigquy. 
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Bai 20. Cho tur di?n ABCD va ba diem P, Q, R l4n Itfot n8m tr§n ba c$nh 
AB, CD, BC. Hay xdc dinh giao dilm S cua mp<PQR) vdi c^nh AD neu: 


a) PR // AC. 


a) Ngu PR // AC thi mat 
phing (PQR) s§ cit canh AD 
tai diem S sao cho QS // PR. 
NhU vfiy ta sS c6 btfn diem 
P, Q, R, S d6ng ph&ng 



b) PR cit AC. 



b) Neu PR cit AC tai mot difi'm I, 
khi d6 IQ la giao tuy€'n cua 
mp(PQR) va mat phdng (ACD). 
Di/dng thing IQ cit AD tai S. 

Vfly S la giao dilm cua mp(PQR) 
va canh AD. 
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Bai 2i. Cho tir dien ABCD. Cdc diim P, Q lin loot 16 trung di£m cua AB v6 
CD; diem R nim tren canh BC sao cho BR = 2RC. Goi S 16 giao diem 
cua mp (PQR) v6 canh AD 
Chting minh ring AS = 2SD. 

Gidi 


Trong mat ph6ng (ABC), goi I 16 giao diem ciia PR va AC. Goi S 16 giao 
diem cua IQ va AD, ta co S 16 giao diem cua AD va mp(PQR). 

Trong m6t ph6ng (ABC), ke CK // AB vtii K nim tren IP. Ta c6: 


« . I. *8?. ap 

BP RB 2 
f'K 1 

nen:-= -. V$y C 16 trung 

AP 2 

diem doan AI hay — = 4 
IA 2 

Trong mat phang (ACD), tCf C 
ta ke CH // AD, vdi H nfim tren 

IS. Ta cd: — = — = M6t 
AS IA 2 

khac, do hai tam gi6c QHC v6 
QSD bing nhau n§n CH = SD 
Do d6 ta suy ra AS = 2SD 
*Chii y: Ta c6 the tim giao diem S 
ciia canh AD vdi mp(PQR) bang 
c6ch kh6c nhif sau: 



Goi G 16 giao diem cua RQ v6 BD, ta c6 S 16 giao diem cua AD v6 PG. 
V6 nhir v6y S 16 giao diS’m cua AD v6 mp(PQR). Sau d6 k£ DF // BC v6 

chting minh 55 = —. Do d6 ta suy ra 55 - i. Tti D ki DE // AB, ta 
BR 2 GB 2 

c6 55 a ~ = 55. v6 suy ra AS = 2SD. 

BP 2 AP 


B6i 22. Goi G 16 trong tim cua tti dipn ABCD. 

a) Chting minh ring dating thing di qua G v6 m$t dinh cua tuf di§n s§ 
di qua trong t£m cua mat dtfi di#n vdi dinh fty. 

b) Goi A' 16 trong t6m cua mat BCD. Chting minh ring GA = 3GA' 

Gidi 

a) Goi M, N lin lifdt 16 trung dii’m cua AB v6 CD v6 trong t6m G cua tti 
di#n s$ 16 trung di£m cua MN. 
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Trong tam gi&c ABN, goi A' = BN r\ AG. Ta cin chtfng minh A’ 14 trong 
tim cua ABCD. 

Ta c6 diem A' n&m tren trung tuy£n BN ciia ABCD. Neu ttf M ta ke 
MM' // AA' vdi M' nim tren BN, ta c6 MM' la duimg trung binh ciia tam 
gi4c ABA'. 

Mat kh4c GA' la dUPng trung binh ciia tam gidc MM'N. Do do ta co: 

BM' = M’A = A'N. 

Nhu vay A' 14 trong tam cua ABCD. 

Tucmg tu cic duimg thing BG, 

CG, DG theo thd tu di qua 
trong tim B', C', D’ cua cic 
tam giic CDA, DAB, ABC. 

b) Ta co GA' = - MM' mi MM' 

2 

= i AA' nen GA' = - AA' 

2 4 

Tit d6 suy ra GA = 3GA'. 

III. CAU HOI trAc nghiem 

C&u 1. Trong cic minh de sau, m§nh d4 nio dung? 

(A) Hai duimg thing c6 m&t dilm chung thi chung c6 vo s6' di4m chung khic; 

(B) Hai duPng thang ph4n bi&t kh6ng cit nhau thi song song; 

(C) Hai duimg thang song song khi v4 chi khi chung khong co difi’m chung; 

(D) Hai difimg thing chdo nhau khi vi chi khi chung khong dong phing. 
C&u 2. Trong cic m$nh de sau, m£nh di nio dung? 

(A) Hai duimg thing cimg song song vdi m$t duimg thing thdr ba thi 
song song vdi nhau; 

(B) Hai dudng thing ciing song song vdi m$t duimg thing thd ba thi 
trung nhau; 

(C) Hai dudng thing cung song song vdi m$t duimg thing thur ba thi 
song song vdi nhau hoic triing nhau; 

(D) Hai duimg thing cimg song song vdi mpt dudng thing thd ba thi 
chung lin lupt nim trdn hai mat phing song song. 

C&u 3. Cho hinh ch6p S.ABCD cd diy ABCD 14 mdt hinh binh h4nh. Goi 
H, K lin lupt 14 trung diem cua SA v4 SB. Vi tri tuong doi ciia HK v4 
CD 14: 

(A) Trung nhau; (B) Cat nhau; 

(C) Song song; (D) Chio nhau. 
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Cfiu 4. Vdi gia thiet d cau 3. Giao tuyen cua hai mat phlng (SAB) vk 
mp(SCD) la: 

(A> Diidng thing AB; (B) Diidng thing CD; 

(C) Diidng thing HK; 

(D) Diidng thing d di qua S va song song vdi CD. 

CSu 5. Cho hinh ch6p til gilc diu SABCD cd canh day bang a (a > 0). Cac 
diem M, N, P l!n liiot la trung diem cua SA, SB, SC. Mat phlng (MNP) 
cat hinh chdp theo mdt thiet dien cd dien tich bang: 

2 2 2 
(A) a 2 ; (B) —; (C)(D)S-. 

2 4 16 

iv. e>Ap An 


Cau 

1 

2 

3 

4 

5 

Dap In 

(D) 

(C) 

(C) 

(D) 

(C) 


§3. Dl/CJNG THANG SONG SONG VCfl MAT PHANG 

i. t6m tAt ly thuy£'t 

1 . Djnh nghia 

Mdt diidng thing va mpt mat phlng goi la song song vdi nhau ndu 
chung khflng c6 dii'm chung 

2- Dieu ki$n de m<>t diitfng thing song song vdi mpt m$t phlng 

Neu diidng thing a khong nlm tren mat phlng (P) va song song vdi 
mQt diidng thing nao dd nlm trdn (P) thl a song song vdi (P) 

3. Tinh chfi't 

- Nlu diidng thing a song song vdi mat phlng (P) thl moi mat phlng 
(Q) chila a ma clt (P) thl clt theo giao tuyd'n song song vdi a. 

- Nlu m$t diidng thing song song vdi mot mat phlng thl nd song song 
vdi m$t diidng thing nlo dd trong mat phlng. 

- Neu hai mat phlng phfin bi|t cung song song vdi mot diidng thing 
thi giao tuylh cua chung (nd'u cd) cung song song vdi diidng thing dd. 

- Nlii a va b 11 hai diidng thing chdo nhau thi qua a, cd m6t va chi 
m|t m|t phlng song song vdi b. 

,1. bAi tap can ban 

Bai 23. Cho hai diidng thing a va b cung song song vdi mp(P). Mdnh de 

nao dung trong clc m§nh dl sau? 

a) a va b song song vdi nhau; 
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b) a vk b ch4o nhau; 

c) a vh b c6 the cit nhau; 

d) a v4 b trung nhau; 

e) cdc menh de a), b), c) va d) d4u sai. 

Tra lefi 

■ Menh de a) sai (chung c6 th0 chdo nhau, cit nhau, trung nhau) 

- M0nh de b) sai (chung cd th4 song song, cit nhau, trung nhau) 

- M0nh de c) dung 

- M0nh de d) sai 

- M#nh di e) sai. 

B6i 24. Cho mp(P) va hai dddng thing song song a, b. Menh d4 nao dung 
trong cdc m?nh d4 sau? 

a) N4u (P) song song vdi a thi (P) cung song song vdi b; 

b) NSu (P) song song vdi a thi (P) song song vdi b hoSc chda b; 

c) Nfi'u (P) song song vdi a thi (P) chda b; 

d) N4u (P) cit a thi (P) cung cit b; 

e) N4u (P) cit a thi (P) cd the song song vdi b; 

0 N4u (P) chda a thi (P) cd thi song song vdi b; 

Tra l&i 

- M0nh d4 a) sai. 

- M0nh d4 b) dung. 

- M§nh d4 c) sai. 

- Menh d4 d) dung. 

- M0nh d4 e) sai. 

- M0nh d4 0 dung. 

Bdi 25. Cho hinh td di0n ABCD. Goi M, N lin lddt la trung dilm cua cdc 
canh AB vd AC. 

a) X6t vi tri tddng ddi cua dddng thing MN vd mp(BCD) 

b) Goi d Id giao tuySn cua hai mat phing (DMN) vd (DBC). X4t vi tri 
tddng dtfi cua d vd mp (ABC). 

Gidi 

a) Do M, N lin lddt la trung 
diim cua AB va AC ndn MN la 
dddng trung binh cua AABC 
=> MN//BC => MN // mp(BCD) 

b) Hai mat phing (DMN) va 
mp(DBC) lin lddt chda hai 
dddng thing song song la MN 
va BC ma chung cd m0t diim 
chung la D 

D 
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=> giao tuyen cua hai mflt phang a4y la dirdng thang qua D va song 
song vdi MN va BC. 

Nhtf vay ta c6 d // mp(ABC) 

BAi 26. Khi cat td di|n bang m$t mat phang thi thiet dien nhdn dirqc c6 
the la nhdng hinh nao sau day? 

a) Hinh thang; b) Hinh binh hanh; c) Hinh thoi. 

Trik lai 

a) Neu (a) la mat phang cat td dien va song song vdi chang han BC thi 
ta c6 thia't dien MNPQ la m6t hinh thang (c6 MQ // NP) 



b) Nlu (a) la mat ph&ng cdt td 
di#n va song song vdi AC va BD 
thi ta c6 thiet di|n MNPQ la 
m$t hinh binh hanh. 


c) Hinh thoi la m$t trUdng 
hop d§c bi$t cua hinh binh 
hanh. Nhu vdy thilt di|n 
cua (a) va td di<?n c6 thi la 
hinh thoi. Ch&ng han khi 
td dien la td di£n deu c6 
ta't c k cdc canh b&ng nhau 
va (a) la mat phang di qua 
trung diem cua cdc canh. 
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B&i 27. Cho hinh ch6p S.ABCD cd day la tuf gidc l6i, O Id giao dilm cua hai 
di/dng chdo AC vd BD. Xdc dinh thig't dien cua hinh ch6p khi cat bdi 
mat phang di qua O. song .song vdi AB va SC. Thid't di§n d6 la hinh gi? 

Giai 

Do mat phang (a) di qua O va 
song song vdi AB nen (a) cat 
(ABCD) theo giao tuyen la difdng 
thang qua 0 va song song vdi AB. 
dddng nay cat AD, BC tai N va P. 
do (a) // SC nen giao tuyen cua (a) 
va (SBC) la diidng thang qua P, A 
song song vdi SC va cdt SB tai Q, 
mat phang (a) cat (SAB) theo giao 
tuyen di qua Q va song song vdi 
AB, cdt SA tai M. Vav thiet dien 
la td gidc MNPQ. 

Do MQ // AB, NP // AB ^ MQ // NP => thiet dien la hinh thang. 

B6i 28. Cho hinh ch6p S.ABCD c6 day la hinh binh hanh. Xdc dinh thiet 
didn cua hinh chop khi cat bdi mat phang di qua trung digm M cua canh 
AB, song song vdi BD va SA. 

Gidi 

Mat phang (P) di qua tiling diem M 
cua AB va song song vdi BD va SA 
n§n c£t cdc mat phang (ABS), (ADS), 

(ACS) theo cdc giao tuyen song song 
vdi cdc dudng thang d6. Qua M va 
di/dng thang song song vdi BD cat 
AD tai N va AC tai I. Qua M, I, N vg 
cdc difdng thang song song vdi SA 
ldn ltf«?t cdt SB, SC, SD tai R, Q, P. 

Ta difcfc thid't dign la ngu gidc 
MNPQR cd MR // NP. 

III. CAU H6l TRAC NGHI$M 

Cdu 1. Cho hai ddcmg thflng a, b va mp(a), bie't a // (a), b // (a). Menh de 
nao sau d£y la menh de dung? 

(A) a song song vdi b; 

(B) a cd the trung vdi b; 

(C) a va b chdo nhau; 

(D) a va b ho3c song song hogc cheo nhau. 
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Cfiu 2 . Trong cac mpnh de sau, mfinh de nao dung 0 

(A) Mot dtrdng thAng a song song vdi la) thi a song song vdi moi dudng 
thang nAm trong mp (a); 

(B) Mot diidnfi thAng a song song vdi (a) thi a va (a) khong co diem chime; 

(C) Mot ditfmr thAng a song song vdi («) thi a vA b cheo nhau vdi moi 
difdng ihftng b nhm trong (a); 

(B) CA (A), fBi, (C) deu sai. 


Cfiu 3. Cho tu dien ABCD. Goi M la mot diem nAm trong AABC, (a) la mfit 
phAng di qua M song song vdi AB va CD. Menh de nao sau day dung ve 
thiet- dien cua (a) vA tuf dien. 


(A) Thiet di£n 1A hinh vuong; (B.i ThiA’t dien 1A hinh thang cAn; 

(C) Thid't dien 1A hinh binh hAnh; (D) Thiet di#n 1A hinh chd nhAt. 

CSu 4. Cho hinh ch6p S.ABCD c6 day ABCD lA hinh binh hAnh M vA N la 

hai diem Iren SA, SB sao cho; = -. Vi tri ttfong doi giCfa 

SA SB 3 

MN vA (ABCD) 1A: 

(A) MN nAm tr£n (ABCD); (B) MN cAt (ABCD); 

(C) MN song song vdi (ABCD); (D) MN vA (ABCD) chdo nhau. 

Cfiu 5. Cho hinh chdp tuf giAc deu S.ABCD. BAy canh bAng 10, M 1A diem 
trAn SA sao cho ^. M6t mAt phAng (a) di qua M song song vdi 

On «5 

AB vA CD, cAt hinh ch6p theo mot tuf giAc c 6 di$n tich 1A; 


(A) 


400 . 
9 ’ 





IV. e>Ap an 


Cau 

1 

2 

— 

3 

4 

5 

Dap An 

(D) 

(B) 

(C) 

(C) 

(A) 1 


§4. HAI MAT PHANG SONG SONG 

I. T6MTAT LY THUYfc'T 

1. Dinh nghin 

Hai mAt phAng goi 1A song song neu chiing khong cd diem chung. 

2. Dieu kipn de hai mAt phAng song song 

Neu mAt phAng (P) chufa hai di/dng thAng a, b cAt nhau vA cung song 
song vdi mAt phAng (Q) thi (P) song song vdi (Q). 
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3. Tinh chat 

- Qua mpt dilm n&m ngoai mot mat phang, c6 m$t vd chi mot mat 
phang song song vdi mat phang <16. 

- Neu di/dng thing a song song vdi mat phang (Q) thi qua a c6 m$t va 
chi mpt mp (P) song song vdi mp (Q). 

- Hai mat phang phan biet cung song song vdi mat phlng thti ba thi 
song song vdi nhau. 

- Neu hai mat phlng (P) va (Q) song song thi moi mat phlng (R) da 
clt (P) thi phai cilt (Q) va cac giao tuyln cua chung song song. 

4. Dinh ly Tn-let 

Ba mat phang ddi mpt song song chin ra trfin hai cat tuyen bl't ki 
cac doan thing tutrng ufng ti lp. 

5. Dinh ly Tu-ldt dao 

Gia si/ tren hai di/dng thang chdo nhau a va a' lln li/dt lfiy cdc diem 
A, B, C va A', B', C' sao cho: 

AB _ _B£ CA_ 

A'B' = B’C' = CA' 

Khi d6, ba di/dng AA’, BB', CC' lln li/pt nlm trln ba mat phang song 
song, ttfc la chung cung song song vdi mot mat phang. 

ii. bAi tap cAn bAn 

Bai 29. Trong cdc m|nh de sau, m§nh dl ndo dung? 

a) Hai mat phlng phfin bilt cung song song vdi mpt di/dng thang thi 
song song vdi nhau; 

b) Hai mat phlng phdn bipt cung song song vdi m§t mat phlng thi song 
song vdi nhau; 

c) N§'u hai mat phlng song song thi moi di/dng thing nlm tren mat 
phang ndy dlu song song vdi mat phang kia; 

d) N6u hai mat phlng song song thi m6i di/dng thing nilm tren mat 
phlng nly dlu song song vdi moi di/dng thang nam trln mat phang kia; 

e) Nlu hai mat phang phfin bi|t lln li/pt di qua hai di/dng thing song 
song thi song song vdi nhau; 

f) Nlu m$t di/dng thing clt mfit trong hai mat phlng song song thi clt 
mat phlng edn lai. 

Trd lifi 

* M|nh dl a) sai (chung cd the clt nhau) 

* M|nh de b) dung. 

* M|nh d4 c) dung. 

* M|nh de d) sai (chung cd thi chdo nhau) 
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* Mpnh <34 e) sai (chung c6 the cit nhau) 

* Minh <34 0 dung. 

Bai 30. Trong cdc minh de sau, menh de ndo dung? 

a) Hinh hpp Id m6t hinh lang tru; 

b) Hinh lang tru c6 tfi't ca cdc canh song song; 

c) Hinh lang tru c6 tit ci cdc mat ben bing nhau; 

d) Hinh lang tru cd tit cd cdc mat ben la hinh binh hanh; 

e) Hinh hip c6 cdc mat doi di4n bang nhau. 

Tra lifi 

* Minh d4 a) dung (Hinh hip la mpt hinh lang tru c6 day la hinh binh 

hanh). 

* Minh d4 b) sai (cdc canh ddy khong song song vdi nhau) 

* Minh d4 c) sai (cdc mat b4n c6 th£ khing bing nhau) 

* Minh d4 d) dung. 

* Minh d4 e) dung (cdc mat d6'i di4n la cdc hinh binh hdnh bing nhau) 
Bdi 31. Cho hai dudng thing chdo nhau. Chufng minh ring c6 dung hai mat 

phing song song vdi nhau lin lupt di qua hai dudng thing dd. 

Gidi 

Gpi b' Id dudng thing cit a vd song 
song vdi b, ta co mat phing (a, b'). 

Goi a' la dudng thing cit b vd song 
song vdi a, ta c6 mat phing (a', b). Rd 
rdng hai mat phing (a, b') vd (b, a') 
song song. 

Niu cd mdt phing (P) di qua a, mat 
phing (Q) di qua b md (P) // (Q) thi 
(P) phdi chda b’ vd (Q) phii chufa a'. 

Do dd (P) trung vdi mp(a, b') vd (Q) 
trung vdi mp(b, a') nghla Id (P) vd (Q) 
dupe xdc djnh duy nhit. 

Bai 32. Cho hai dudng thing chio nhau a vd b lin lupt nim trdn hai mat 
phing song song (P) vd (Q). Chdng minh ring niu dilm M khdng nim 
trin (P) vd khdng nim tr4n (Q) thi cd duy nha't mpt dudng thing di qua 
M cit ca a vd b. 
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Giai 


Trong mp(Q), di^ng dtfdng 
thing a' song song vdi a vi cit 
b tai I, do a // a' nin a vi a' 
ding phing. 

Dung dirtfng thing A qua M vk 
I, dadng thing niy phii cit a 
tai H. Nhu viy tin tai A cit ca 
a vk b. Ni'u cbn c6 m$t dudng 
thing A' di qua M vk cit ca a 
vi b thi ta de suy ra A' a A 
=> A 14 duy nhi't. 



Bai 33. Trong mit phing (P) cho hinh binh hinh ABCD. Qua A, B, C, D 
lin luqt vg bb’n dirdng thing a, b, c, d ddi mQt song song vdi nhau vi 
khong nim tr§n (P). M$t mat phing cit a, b, c, d lin lifqt tai bon diem 
A', B', C', D’. Chufng minh ring A'B'C'D' 14 hinh binh hinh. 

Giai 


Do AB // DC n&n ta c6 hai mat phing song song li (AA', BB') vk <CC', DD'). 
Mat phing (A'B'C'D') cit hai mat phing song song n6i trgn theo hai giao 
tuyi’n song song vdi nhau li A'B' vi C'D'. Ti/cmg trdn ta c6 A'D' // B'C'. 

Do d6 tuf giic A'B'C'D' li hinh binh hinh. 



Bai 34. Cho tuf di§n ABCD. Goi M li trung diim cua AB. Hoi mi', phing 
(P) qua diem M, song song vdi ca AD vi BC c6 di qua trung dien IN cua 
CD khdng? Tai sao? 
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Giai 

Do mp{P) qua M va song song vdi BC nen (P) c£t mp (ABC) theo giao 
tuyen qua M va song song vdi BC, giao tuyen nay cdt AC tai I. Lai do (P) 
song song AD nen giao tuyen cua (P) va (ACD) la diidng thang qua I va 
song song vdi AD difcmg thang nay cat CD tai N. 

A 

Do M la trung diem AB suy ra 
I la trung diem cua AC suy ra 
N la trung diS’m cua CD. 



Bai 35. Cho hai diem M, N ldn loot thay d6'i tr§n hai mat phang song song 

IM 

(P) va (Q). Tim tap hop cdc di&m I thuoc doan thang MN sao cho — = k, 


k * ( cho triidc. 


Giai 


God H la mQt diem ba't ky tren (P), H' la diem bat ky tren (Q). I 0 la 
I„H 


di^irj tren HH' sao cho = k (k * 0) 
LH 


Khi 16 vdi moi diem I tren MN thoa 

/H 

_,M / 

IM 

m&n -— = k (k * 0) ta luon c6 II 0 // 

/ 

a; / 

IN 

Io 

/ 1 

HM / H'N suy ra I 0 I // (P) va I 0 I // (Q). 

- I 1 

V$ y }uy tich diem I la mat phang qua 

I 0 va song song vdi (P) va (Q). 


- In / 


Bai 3«6. Cho hinh lang tru tam gidc ABC.A'B'C'. Gpi H la trung di&n cua 
c^mhA'B'. 

a) Citing minh rang dirtrng thang CB song song vdi mp (AHC') 

b) Tin giao tuyen d cua hai mp (AB'C') va mp (A'BC). Chting minh rang 
d stoig song vdri mp (BB'C'C). 

c) 2C sc dinh thiet di$n cua hinh lang tru ABC.A'B'C' khi c&t bdi mp(H, d). 
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Giai 

a) Gyi O 14 tfim cua hlnh binh h4nh AA'C'C. 

Tam gi4c A'B'C c6 HO 14 dudng trung A 
binh n§n HO // B'C. Budng thang CB' 
khong thuOc mat ph4ng (AHC') v4 song 
song vdi dudng thang HO thuoc mat 
ph4ng d6 n4n CB' // mp (AHC'). 

b) Goi I 14 t4m cua hinh binh h4nh 
ABB'A'. Hai mat phang (AB'C') v4 
(A'BC) c6 hai di£m chung 14 I v4 0. 

Vay giao tuy&n d c4n tim cua hai mat 
phang (AB'C') v4 (A'BC) 14 dtfimg 
thang 10. 

c) Mat phang (H, d) chinh 14 mat phang 
(HIO). Mat phang n4y chda HI // BB' v4 
10 // BC n4n song song vdi mat b§n 
(BCC'B'). 

Budng th&ng qua O song song vdi AA' ldn luot c4t AC v4 A'C' tai M v4 
N. Bi/dng thang HI c4t AB tai K. V4y thi&t di^n c4t hinh l4ng tru bdi 
mp (H, d) 14 hinh binh h4nh MNHK c6 c4c Cjinh song song vdi c6c csinh 
cua mat b4n (BCC'B'). 

B4i 37. Cho hinh h§p ABCD.A'B'C'B'. Chdng minh r4ng 

a) mp (BDA') // mp(B'B'C) 

b) Budng chdo AC' di qua c4c trong t&m Gi, G 2 cua hai tam gidc BDA' 
v4 B'D'C. 

c) Gv v4 G 2 chia doan AC' th4nh ba ph4n b4ng nhau. 



d) C4c trung diem cua s4u canh BC, CD, DD', D'A', A'B', B'B cung n&m 
tr§n m$t mat ph&ng. 


Giai 

a) Ta cd BD // B'D', BA' // CD'. 

Do dd hai mat phang (BDA ! ) v4 
(B’D'C) song song vdi nhau. 

b) Goi O v4 0' l£n luot 14 t4m 
cua hai d4y ABCD v4 A'B'C'D'. 
Budng ch6o AC' n4m trong mat 
ph&ng (AA'C'C) v4 c4t mat ph&ng 
(BDA') tai Gj. Diem I 14 t4m 
hinh binh h4nh ACC'A' d6ng thdi 
cung 14 tfim cua hinh h$p 
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A'G 2 

Ta c 6 Gj 14 trong tSm cua tam gi4c ACA' nfin —= —. 

AO 3 

A'G 2 

Dtfi vdi tam gi4c BDA' ta c 6 A'O 14 trung tuyS'n v4 do —^ = — n4n Gi 

AO 3 

14 trong t4m cua tam gidc BDA'. Ti/cfng ta ta chtfng minh daoc G 2 14 
trong t4m cua tam gidc B'D'C. D N C 

O Ta c 6 A'O // O'C v4 AA'C'C 14 A - , v -- 7 ' 

hinh blnh h4nh. Do d 6 suy ra Gi / ; /" 

14 trung di£m cua AG 2 v4 G 2 14 / j / /]M 

trung di£m cua C'Gi- A/--B/ j 

V4y AGi = GiG 2 = G 2 C' nghla 14 / 

Gi v4 G 2 chia doan AC' th4nh ba / j ~~''yS 

phan b4ng nhau. // .."/C' 

d) Goi M, N, P, Q, R, S Idn lapt 14 Q//' y' / 

trung di&n cua cAc canh BC, CD, /' '•>. O'/ / 

DD', D'A', A'B', B'B. Ta cd MN // BD k-- V 

v4 PS // BD nen MN // PS. A R B' 

Goi (a) 14 mat phang (MN, PS) d^ y rang SR // A'B // D'C // PN, hay SR // NP. 
Vay dia’m S thupc mp (a). Taang ta ta chdng minh dope Q € mp(a) 

B4i 38. Chufng minh r&ng tdng blnh phacmg tdit c4 c 6 c dadng chdo cua m$t 
hinh h$p b&ng tong binh phaong ta't cA cAc canh cua hinh hOp dd. 

Gidi 

Ta da bifit r&ng doi vdi m$t hinh C 

binh h4nh, tdng binh phacmg hai -V^.—"/T 

dadng chdo b&ng t 6 ng blnh phacmg / // \ 

c4c canh. Do d 6 , xdt hinh blnh I \ 

h4nh ACC'A', ta cd: A "'T I \ 

AC ' 2 + A'C 2 = 2(AC 2 + AA' 2 ) \ \ //' A j \ 

Dtfi vdi hinh binh h4nh BDD'B', \ \ ' ''y( \ \ 

BD ' 2 + B'D 2 = 2(BD 2 + BB' 2 ) \ \/f. \ \ 

Td dd suy ra: \ /V- : ."VjC.f**'/'^ 

AC ' 2 + A'C 2 + BD ' 2 + B'D 2 \ //' B ' 

= 2(AC 2 + BD 2 ) + 4AA ' 2 - O' 

D 6 'i vdi hinh binh h4nh ABCD, ta cd: 

AC 2 + BD 2 = 2(AB 2 + BC 2 ). Do dd 2(AC 2 + BD 2 ) = 4(AB 2 + BC 2 ) 

Vfiy AC ' 2 + A'C 2 + BD ' 2 + B'D 2 = 4(AB 2 + BC 2 + AA' 2 ) (dpcm). 


I \ 

T"-K. 
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Bai 39. Cho hinh chdp cut ABC.A'B'C' c6 ddy ldn ABC vd cdc canh ben 
AA', BB', CC'. Goi M, N, P lin luot Id trung diem cua cdc canh AB, BC, 
CA vd M', N', P’ lin lirot Id trung diim cua cdc canh A'B’, B'C', C'A'. 
Chtfng minh ring MNP.M'N'P' la hinh chdp cut. c 

Giai 

Ta co M'N' // MN, vi chung la 
giao tuyen cua hai mat phing 
song song (ABC.) va (A'B'C') cit 
bdi mp (MNN'M’) 

Tuang ti/ ta chufng minh di/cfc: 

NP // NT’, MP // M'P' 

Nhd viy MNP.M'N'P' la hinh ch6p cut, 


III. CAU H6l TRAC NGHlgM 
Cfiu 1 . Trong cdc menh de sau, mdnh d4 nao dung? 

(A) Hai mat phing khong cit nhau thi song song; 

(B) Hai mat phang cung song song vdi mot dirtmg thing thi cit nhau; 

(C) Qua m$t dilm n&m ngoai mot mat phang cho tn/dc cd duy nhi't mQt 
mat phang song song vdi mat phing do; 

(D) Qua mpt dilm nim ngoai m$t mat phing cho tri/dc cd vo s 6 mat 
phing song song vdi mat phing dd. 

C&u 2. Trong cdc menh de sau, menh de nao sai? 

(A) Hinh lang tru cd cdc canh ben song song va b&ng nhau; 

(B) Hai mat day ciia hinh lang tru ndm trdn hai mat phing song song; 

(C) Hai day cua lang tru la hai da gidc deu; 

(D) Cdc mat b£n cua lang tru la cdc hinh binh hanh. 

Cflu 3. Trong cdc minh di sau, mynh de ndo dung? 

(A) Cdc canh ben cua hinh ch6p cut d6i mQt song song; 

(B) Cdc canh ben cua hinh chdp cyt Id cdc hinh thang can; 

(C) Hai ddy cua hinh ch6p cut Id hai da gidc dong dang; 

(D) Ca (A), (B), (C) deu sai. 

Cfiu 4. Neu thiit di§n cua mdt lang tru tam gidc vd mot mat phing lid m$t 
da gidc thi da gidc dd cd nhiiii nhat may canh? 

(A) 3 canh; (B) 4 canh; (C) 5 canh; (D) 5 canh. 
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Cfiu 5. Neu thid't dien cua mot hinh hop vh mot mat phlng 1A mot da gilc 
thi da gibe do c6 nhieu nhl't mS'y canh? 

(A) 4 canh; (B) 5 canh; (C) 6 canh; (D) 7 canh. 

IV. DAP AN 


Cau 


1 

2 

3 

4 

5 

dn 

i (C) 

(C) 

(C) 

(B) 

(C) 


§5. PHEP CHIEU SONG SONG 

I. t6m tAt ly thuyet 

1. Dinh nghia 

Ph£p dat ttfong ting moi dilm M 
trong khong gian vdi diem M' 
cua mat phlng (P) goi la phAp 
chi&'u song song len mat phang 
(P) theo phuang t. 

2. Tinh chfi't 

- Hinh chiA'u song song cua mot dtiting thing la mot duting thing 

- Hinh chig'u song song cua mot doan thing la mot doan thing, cua 
m 6 t tia la m 6 t tia. 

- Hinh chig'u song song cua hai dtiting thing song song la hai dating 
thing song song hoAc trung nhau. 

• Phlp chig'u song song kh 6 ng lam thay doi ti s 6 ' cua hai doan thing 
nlm trln hai dating thing song song (hoac trung nhau). 

3. Hinh bieu dilin cua m$t hinh khdng gian 

- Hinh big’u diin cua m 6 t hinh 76, trong khdng gian la hinh chiA'u song 
song cua hinh 76, tren mot mat phlng hoac hinh dong dang vdi hinh 
chig'u d 6 . 

Ne’u trln hinh 76, c 6 hai doan thing nlm tren hai dating thing song 
song (hoac trung nhau) thi chung chlng nhting dtioc bi£u dien bdi hai 
doan thing nlm trdn hai dating thing song song (hoac trung nhau), 
ml ti sd' cua hai doan thing nly c 6 n phai blng ti so' cua hai doan 
thing tucrng ting tren hinh 76,. 

■ Hinh chigu song song cua mot dating trtin 11 m 0 t dating elip hoac m$t 
dating trtin, hoac dac bilt c 6 the m 0 t doan thing. 
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II. bAi tap CAN ban 

BAi 40. Trong clc rn|nh dl sau, m§nh de nlo dung? 

a) Hinh chilu song song cua hai duimg thing chdo nhau co the trung nhau. 

b) Hinh chilu song song cua hai duftng thing chdo nhau thi clt nhau. 

c) Hinh chilu song song cua hai dudng thing chdo nhau cd thl song 
song nhau. 

d) Hinh chilu song song cua hai dudng thing chdo nhau cd the clt nhau, 
trung nhau, song song vdi nhau. 

Tra lari 

* M|nh dl a) sai (Hinh chilu song song cua hai dudng thing chdo nhau 
khdng thl trung nhau). 

* M|nh d4 b) sai (chung c6 thl song song) 

* M|nh dl c) dung (chung cd thl song song) 

* M|nh d4 d) sai. 

BAi 41. Trong clc m|nh d4 sau, m|nh d4 nlo dung? 

a) Hinh chilu song song cua hai dudng thing- clt nhau c6 thl song song 
vdi nhau. 

b) Hinh chilu song song cua hai dudng thing clt nhau c6 thl clt nhau. 

c) Hinh chilu song song cua hai dudng thing clt nhau c6 thl trung nhau. 

d) M|t dudng thing c6 thl song song vdi hinh chilu song song cua n6. 

e) M§t dudng thing ludn clt hinh chilu song song cua nd. 

f) M|t dudng thing c6 thl trung vdi hinh chilu song song cua nd. 

Trd liti 

* M|nh. dl a) sai (hinh chilu song song cua hai dudng thing clt nhau 
chi cd thl clt nhau hole trung nhau). 

* M|nh dl b) ddng. 

* M$nh dl c) doing 

* M|nh dl d) dtiftf. 

* M|nh dl e) sai (nd cd thl clt, song song hole trung) * 

* M|nh dl f) ding. 

BAi 42. Tam gilc ABC cd hinh chilu song song II tam gilc A'B'C'. Chtfng 
minh ring trong tlm tam gilc ABC cd hinh chilu 11 trong tfim tam gilc 
A'B'C'. 

Gi&i 

Ta dl bilt ring phdp chilu song song khdng llm thay doi ti si hai doan 
thing cung nlm trdn mdt dudng thing. Gil scf AABC cd hinh chieu song 
song 11 tam gilc A'B'C'. Goi 111 trung diem cua canh BC vl G 11 trong 
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tarn cua AAEC. Qua phdp chie'u song 
song thi didm I c 6 hinh chifi’u 14 I' 
(I' e B'C') v4 G cd hinh chid'u 14 G' e AT 
_ x AG 2 A A'G' 2 

AI 3 AT 3 

Do d 6 G' 14 trong tdm cua AA'B'C'. 
VSy qua phdp chid’u song song, 
trong t4m G cua AABC c 6 hinh 
chid’u 14 trong tam G cua AA'B'C'. 


r^Z' r / 

B 


/ 

I 



I* 


Cy/ 


Bai 44. V§ hi'll bilu dien cua m§t td di#n v4 trong t4m cua n6 


Td dien ABCD cd thd xem 14 hinh 
bieu dien cua mpt td dipn n4o d 6 . 
Ngo4i ra ta cd M, N, Min luwt 14 
trung did'm cua AB, CD v4 MN. 
Nhu v4y didm I 14 did’m bidu diSn 
cho trong tfim cua td di$n dd. 

Chu y: Ta :d thd’ bidu didn bdng 
cac hinh kh4c. 



B4i 44 . Vd hinh bidu dien cua mpt tam gi4c vudng nOi tidp trong m$t 
dddng trdn. 

Giai 


* Tam gidc vudng ABC (vudng tai 
A) npi tid'p dudng trdn (O),* ta 
nh$n thdy canh BC di qua t4m O 
cua dddng trdn, td dd suy ra cdch 
vd hinh bidu didn cua tam gidc 
vudng ABC n$i tidp dddng trdn (O) 
nhd sau: 

V 6 elip (E), vd tam gi4c A'B'C' cd 
ba dinh n&m trdn (E) v4 canh BC 
di qua tSm O' cua elip (E). Nhd 
v§y ta ddpc hinh bidu didn edn 
tim. 
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Bi»i 45. Ve hinh bieu diin cua m$t hinh vu6ng n§i tift'p trong m6t duifng tr6n. 

Gifti 

Hinh vuong ABCD n6i tift'p difdng 
trdn (O), ta nhftn thfty AC vft BD cftt 
nhau tai tftm O cua di/dng trftn, 4 
dift’m A, B, C, D nftm trfen (O). 

TCf d6 suy ra cftch v6 hinh bilu diin 
cua hinh vuong ABCD npi tigp D 

di/img tr6n (O) nhii sau: 

Ve elip (E) c6 tftm la O', ve hai 
di/dng thing cftt nhau tai O' vft cit 
(E) tai bon diem A', B', C', D'. Nhi/ 
vay ta duqc hinh bi£u dien can ve. 

Bai 46. Ve hinh bieu diin cua mot luc giftc deu. 

Giai 

Phan tich hinh luc giftc deu ABCDEF 
ta nhftn thfty: 

Tuf giftc OABC Ift hinh blnli hanh (vi/a 
1ft hinh thoi) 

Cftc diem D, E, F lan li/crt 1ft cftc dift’m 
doi xdng cua cftc diem A, B, C qua 
tam O. 

TiZ do ta suy ra cftch ve hinh bieu dien 
cua luc giftc deu ABCDEF nhif sau: 

Ve hinh hinh hanh O'A'B'C' bieu dien 
cho hinh hinh hanh OABC 
Lay cftc diem D\ E', F' lin li/crt doi 
xung ciia A'. B\ C' qua tam O', ta 
di/oe hinh bmu diln A'B'C'D'E'F' cua 
hinh luc giac deu ABCDEF. 

Bai 47. Cho hinh hop ABCD.AiBiCiD]. Tim ditfm I Iron di/dng chftc B'.jD vft 
diem J Iren ditfmg cheo AC sao cho IJ // BCi Tinh ti so -. 
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Giai 

Thirc hien phep chieu song song 
len mat phing (ABCD) theo 
phuung BCi. 

Goi Bj la hinh chieu cua B,. D 

Khi do J la giao dilm cua DBj 
vA AC. 

Trong mat phing (Bi B, D) ke JI 
song songvdi BiB, (I e BiD). q 

Khi d6 do IJ // B', Bi suy ra IJ // BCi 



, DI DJ , 

Ta co —— = - ma 

IB, JB', 


DJ 

JB', 


III. cAu HOI trAc nghiem 


AD 

CBi 


i.Viy.5L 
2 IB, 


1 

2 


CAu l. Trong cAc mpnh de sau, menh de nAo dung? 

(A) Hinh chieu song song cua hai dudng thing song song c6 the chdo nhau; 

(B) Hinh chieu song song cua hai dudng thing song song cd the c4t nhau; 

(C) Hinh chieu song song cua hai dudng thing song song c6 the trung nhau; 
(DO Hi nil cliieu song song cua hai dudng thing song song khong the song song. 

CAu 2. Trong cic m|nh de sau. menh dl nAo dung? 

(A) Mot dudng thing ludn song song vdi hinh chilu song song ciia n6; 

(B ) M|t dudng thing c6 the cit hinh chieu song song cua no; 

(C) M<)t dudng thing khong the trung vdi hinh chieu song song cua no; 

(D) M$t dudng thing c6 the cd hinh chieu song song li mpt doan thing. 

Cau 3. Trong cAc menh de sau, mpnh de nAo dung 9 

(A.) Hinh chieu song song cua mot dudng trdn li mpt dudng tron; 

(B ) Hinh chieu song song cua mot dudng trdn 1A mdt elip; 

(C) Hinh chilu song song cua mot dudng trdn 1A m|t doan thing; 

(B) Hinh chilu song song cua m$t dudng trdn hoAc 1A m|t dudng trdn 
hoAc mpt elfp ho&c m|t doan thing. 

CAu *4. Trong cAc m|nh dl sau, m|nh de nAo dung? 

(A.) Hinh chilu song song cua mpt tam giAc 1A m$t tarn giAc; 

(B) Hinh chieu song song cua mot tam giAc cd thl 1A mpt di.lm; 

(C) Hinh chilu song song cua mot tam giAc cd thl IA m|t doan thing; 

(D») Hinh chieu song song cua mpt tam giAc cd thl 1A m|t dudng thing. 

Cfiu .5. Mot hinh binh hAnh ABCD khong thl xem 1A hinh bilu diin cua 
cAtc loai hinh nAo sau d£y? 
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(B) Hinh chuf nhfit; 

(D) Hinh binh hinh baft ky. 


(A) Hinh vudng; 
(C) Hinh thang; 

iv. dAp An 


Ciu 

1 

2 

3 

4 

5 

Dip in 

(C) 

(B) 

(D) 

(C) 

(C) 


ON TAP CHl/dNG 2 

I. CAU h6|TU KI^M TRA 

C4u 1. H§y ndu su khic biet gitfa hai dudng thing chio nhau v4 hai dufrng 
thing song song. 

Tra Ufi 

Stf khdc bi$t gitfa hai dtfdng thang chio nhau vi hai dtfdng thing song 
song 14: Hai dtfdng thing chdo nhau khdng ding phing cdn hai dtffrng 
thing song song thi dong phing. 

Cfiu 2. Ndu phuong phap chtfng minh ba diem thing hang. 

Tra Ufi 

C6 nhiiu phuong phip dl chtfng minh ba diS'm thing hang, nhung c6 
m$t phuong phdp gin liin vdi chuong niy d6 14: Ta chtfng td ring ba 
diem dd 14 nhtfng diem chung cua hai mat phing phin bi^t. 

Cfiu 3. N§u phuong phip chtfng minh ba dtfdng thing ding quy. 

Trd Ufi 

C 6 hai phuong phap d§’ chtfng minh ba dtfdng thing ding quy: 

- Phuong phap 1: Ta chtfng minh ba dtfdng thing da cho khdng ding 
phing v4 ddi mil cat nhau. 

- Phuong ph4p 2: Ta chtfng minh hai dudng thing tuy y, trong ba dtfdng 
thing da cho cat nhau tai mdt diem m4 cdch x4c dinh diim d6 14 duy 
nhat. 

- Chu Di chtfng minh n duOng thing (n > 3) ding quy, ta cung c6 the’ stf 
dung hai phuong phip nhtf trdn. 

Cftu 4. Ndu phuong phip chtfng minh dtfdng thing song song vdi mat phing. 

Trd Ufi 

C6 hai phuong phip di chtfng minh m$t dudng thing d song song vdi 
mQt mat phing <(P) 

- Phuong phip 1: Ta chtfng minh dudng thing d e (P) v4 d // a, vdi a e (P). 

- Phuong phip 2: Chtfng minh cho d nim trong (a) v4 (a) song song vdi (P). 
Chu y: Ta cd th^ stf dung khii ni$m tmh chit vudng gdc d£ chtfng minh 
dudng thing song song vdi mat phing. 
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Cfiu 5. N4u phitong phdp chtfng minh hai ra$t phang song song. 

Trd lid 

C6 hai phi/ong phdp de chtfng minh hai mat phdng (P) vd (Q) song song. 

- Phitong phdp 1: Chtfng minh mp (P) chtfa hai ditong thdng cdt nhau 
ciing song song vtfi mot mp (Q). Hodc (Q) chtfa hai ditong thang cdt nhau 
cung song song vtfi (P). Hoac (P) chtfa hai ditong thang cat nhau theo 
thtf tu song song vtfi hai ditong thang cat nhau n&m trong mp (Q). 

- Phitong phdp 2: Chtfng minh hai mat phdng (P) vd (Q) cung song song 
vtfi mpt mat phang thtf ba. 

Chu y: Ta ctf thd stf dung khai niem tinh chd't vutfng g6c de chtfng minh 
hai mat phang song song. 

II. baitAp 

Bai 1. Trong cdc menh de sau, menh de nao dung? 

a) Hai dttong thang cheo nhau thi khong c6 diem chung; 

b) Hai ditong thang khong co diem chung thi chtfo nhau; 

c) Hai ditong thang ch6o nhau thi khong cung thu6c mQt mat phang; 

d) Hai ditong thang khong song song thi chtfo nhau. 

Trd led 

* Menh de a) dung. 

* M£nh d4 b) sai (chung c6 th4 song song) 

* M£nh d6 c) dung. 

* Mfinh d4 d) sai (chung c6 the eat nhau; trimg nhau) 

Bai 2. Trong ede mpnh de sau, menh dd nao dung? 

a) Hai ditong thang phdn bipt cung song song vtfi mpt mat phang thi 
song song vtfi nhau; 

b) Hai mat phang phdn biet cung song song vtfi mOt ditong thang thi 
song song vtfi nhau; 

c) Hai mat phang phdn bipt khong song song thi cdt nhau; 

d) Hai mat phang phSn bipt cung song song vdri mtft mat phang theif ba 
thi song song vdri nhau; 

e) Mot ditong thang cat m$t trong hai ditong thang song song thi cdt 
ditong thdng c6n lai; 

f) Mdt mat phdng cdt mQt trong hai ditong thdng song song thi cdt 
ditong thdng c6n lai; 

g) Mot ditong thdng cdt mot trong hai mat phdng song song thi cdt mat 
phang cbn lai. 
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Tra lefi 

* M$nh d4 a) sai (chung c6 th4 ch6o nhau) 

* M#nh de b) sai (chung c6 the cat nhau) 

* M#nh d4 c) dung. 

* M$nh d4 d) dung. 

* M$nh d4 e) sai (chung c6 th£ ch6o nhau) 

* M$nh d4 0 dung. 

* M$nh d4 g) dung. 

Bai 3. Trong cdc hinh sau day, hinh nao la hinh bi4u diSn cua m$t tcf ci?n? 



A A s B 



Tra l&i 

(An. f?!nil a, b, d, f, g, h la hinh bieu di4n ciia mot ti'f ! ;: -n 
Bai I. Cho hai hinh binh hftnh ABCD va ABKF nfun troug hai ir>Af phang 
khdc nhau. Lay cac diem M. X Ian lifot tin pc c: • ••lu*o \C. BF 

sao cho MO = '1AM, AF - :!ILN. Qua M. X fee c.ic dif-mu tilting soig song 
v.'j All At cue r-wjh All, aF lan hfttt tni Mi. Nj. Chung oiinh rAiif: 
ai MM a DTv. 
h) M|N| • npfDKf i, 
o) nip tMNN i VIi),7 nip iDEF). 

did 

a) Goi 0 la giao diem ctia hai 
dik/ng cheo AC v& BO 
Theo bai rn ta co: 

MC = 2AM o MO + OC = 2MA 
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« MO + OA = 2MA 

MO + M \ + MO = 2MA 


<=> MA = 2MO ma O lai la trung diem ciia DB suy ra M 1A trong tSm 
cua YADB suy ra DM phai di qua trung di£m I cua AB, tifdng tu EN 
cung di qua trung diem I cua AB. 


Mat khac ta co 


MC 

MA 


MD 

MI 


= 2 va 


NE 

NI 


NF 

NB 


Vay ta co: suy ra MN // DE. 

b> Ta c6 = . ,, M.NB.2 

MjA MI N,A NI 


2 . 


M n N F 

Vay suy ra MjN, // DF => M,Ni // mp (DEF) 

Mj.\ N,A 


c) Do hai mat phing (MNNiM]) chda hai dirtmg thing MjNi va MN cit 
nhau va lin lufcrt song song vdi hai dudng thing DF va DE nim trong 
mp (DEF). Vay hai mat phing (MNNiMi) va (DEF) song song. 

Bai 5. Cho hinh lang tru tarn gidc ABC.A'B'C'. Goi G, G' lan luot la trong 
tam ciia AABC va AA'B'C'. Mot mat phing (a) cit cac canh AA', BB', 
CC', GG lin lirot tai Ai, Bi, Ci va Gj. Chufng minh ring: 

a) GG’ song song va bang canh bin cua hinh lftng try, 


b) Gi li trong tam ciia tam gidc AjBiCi; 

c) GiG' = - (AiA' + BjB' + CiC'); GjG = - (AiA + BiB + CiC) 

3 3 


Hit&ng dan gidi 

a) Goi M, M' lan ltfot la trung diem cua BC va B'C', khi d6 G va G' lan 
luot niro tren AM, AM' 


Ta c6 GG’ song song va bang MM' 
CC', AA. Do d6 ta c6 (dpcm). 
b) Xet plitp chieu song song theo 
phuong AAi len mat phing 
(AiBiCi' th'i ta c6 Gj li hinh 
chieu eta G va do G e AM nen 
G] e AM] (AjMi li hinh chiiu 
ciia AM). Mat khac theo tinh 
chat cut ph6p chieu song song 

ta co: ~ = 2. Vay 

GM G,M l 

Gi la trong tam cua AAjBiCj. 


ma MM’ lai song song va bang BB’, 









c) Goi L, L' ldn liiot 14 trung di£m cua AG v4 A'G' v4 Lj 14 giao di£m cOa 
LL' v4 AiGi. Khi d6 ta cd GjG', LL' v4 MjM' 14n lirot 14 dudng trung 
binh cua c4c hinh thang MjM'L'Li, G’GiAiA' v4 B'BiCiC' v4 tCr d6 ta c6: 

G'Gi = |(LiL'+ M'M,) (1) 

L'L, = i(G'Gi + A'AO (2) 

M'M! = i(B'Bi +C'Ci) (3) 

Th§' (3), (2) v4o (1) ta cd: 

G'Gi = I^G'G! + A'AO + ^(B'Bi + C'Ci)] 

— G'Gi = — (A'Ai + B'Bi + C'Cj) o G'Gi = — (A'Ai + B'Bi + C'Cj) 

4 4 3 

Ttfcmg tif ta chufng minh duac: GiG = -(AiA + BiB + CiC). 

3 

Bai 6. Cho hinh hop ABCD.A'B'C'D'. Ve thifi't di$n cua hinh h§p tao bdi 
mat phang di qua trung diffm M, N cua cdc canh AB, AD v4 tSm O cua 
mat CDD’C'. 


Giai 


K6o d4i MN c^t CD v4 CB ldn lifot tai I, J. Khi d6 ta c6 I 14 di£m 
chung cua hai mat phang (MNO) v4 (CDC'D'), mat kh4c O 14 dilm 
chung thtf hai cua hai mat phang do. K£o d4i 10 cat DD' v4 CC' lan 
lugt tai P, Q, nS'i QJ cdt BB’ tai R. Khi d6 thiS"t dien can tim 14 ngu 



Bai 7. Cho hinh h§p ABCD.A'B'C'D'. Trgn ba canh AB, DD’, C’B' lAn luert Iffy 

, u - w m d i k> . • x „ . , AM D'N B'P 

ba bicm M, N, P khong trung voi cac chnh sao cho: - = - = —~. 

AB D'D BC' 


a) Chtfng minh riing mp(MNP) v4 mp(AB'D') song song vdi nhau. 

b) X;ic dinh thict dien cua hinh hop khi cat bdi mat phang (MNP). 


Giai 


a) Theo gil thiet ta c6: 

AM D'N B'P 

—— = — ■ = —— suy ra 

AB D D B'C 

MN, NP, PM song song vdi mat 
phlng co dinh (AD'B') 

b) Theo txnh cha't hinh hfip ta c6 
mp(AD'B') // mp(BDC') mat khac 
theo a) ta c6 mp(MNP) // mp(AD'B'), 
td dd suy ra mp(MNP) // mp(BDC') 
(tfnh chat blc cau). 


Do mp(MNP) // mp(BDC') nen 
mp(MNP) cat (ABCD) theo giao 
tuySn qua M v4 song song vdi BD, 
giao tuyen nay cat AD tai I, noi IN, 
mp(MNP) clt (DCC'D') theo giao 
tuyS'n qua N v4 song song vdi DC', 
giao tuyen n4y clt C'D' tai Q, ndfi 
QP. mp(MNP) clt (BB'C’C) theo giao 
tuy£n qua P v4 song song vdi C'B, 
giao tuy£n n4y clt BB' tai R, sau d6 
nd'i RM. 




Nhw vay thid't dipn can dong la luc gidc MINQPR. 

Bai 8. Cho hai tia Ax, By nlm tren hai dtfdng thing cheo nhau. Mot dig’m 
M chay tren Ax v4 mot diem chay tren By sao cho AM = kBN (k > 0 
cho trLfdc) 

a) Chdng minh ring MN song song vdi mot mat phlng co' dinh. 

b) Tim tap hop cac diem I thupc doan MN sao cho IM = kIN. 


Giai 


a) Goi Mo. No lln loot 14 hai 
diem co dinh thupc c4c tia Ax v4 

By sao cho ~ ^° = k. Khi dd ta 
BN 0 

chufng minh dooc MN song song 
vdi mpt mat ph'Ing c6' dinh chda 
MoNo, mat phlng n4y song song 
vdi AB. 
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b) Goi O 1& diem thuQc doan AB sao cho — = k; Ox', Oy' lan loot la 

OB 

cic tia song song vOi Ax v6 By. TO d6 suy ra t6p hop cdc dilm I la tia 
phan giic Ot cua goc x'Oy. 

III. CAU HOI TRAC NGHl|M 

Cfiu 1. Cho ttf di|n ABCD. Goi M, N lin loot 16 trung diem cua cdc canh 
AD v6 BC; G 16 trong tdm tarn gidc BCD. Khi 6'y giao dilm cua difdng 
thing MG v6 mp(ABC) 16: 

(A) Dilm C; 

(B) Giao dilm cua dudng thang MG 
v6 di/6ng thang AN; 

(C) Dilm N; 

(D) Giao diem cua dtfOng thing MG 
v6 difdng thing BC. 

Giai 

Chon mp(AND) chda MG v6 giao 
tuyen cua inp(AND) vdi mp(ABC) 

16 AN. Vdy giao diem I cua AN 
v6 MG chinh 16 giao dilm cua 
MG v6 mp(ABC). Suy ra dip dn I 

dung 16 B. 

C6u 2. Cho td di|n ABCD va ba dilm E, F, G lin loot n6m tren ba canh 
AB, AC, AD m$ khong trung vdi cdc dinh. Thiet di|n cua hinh tiT dien 
ABCD khi cit bdi mp(EFG) la: 

(A) Mot doan thing; (B) Mot tarn gidc; 

(C) Mot tuf gidc; (D) Mot ngu gidc. 

Giai 

Trong moi truirng hop mp(EFG) 
luon luon khong cit day (ABC). E 

Nho vdy thilt di|n cua hinh ch6p 
v6 mp(EFG) 16 AEFG. 

Suy ra (B) 16 dip in dung. 


Cfiu 3. Cho tO di|n ABCD v6 ba dilm I, J, K lan loot ndm tren la canh 
AB. BC, CD m6 khong trung vdi cic dinh. Thiet di|n cua hinh tii dien 
ABCD khi cit bdi mp(IJK) 16: 
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(A) Mot tam gidc; 
(C) Mot hinh thang; 


(B) Mot tiir gidc; 
(D) Mot ngu gidc. 
A 


Giai 


Trong moi triidng hop mp(IJK) 
luon ludn cit canh AD (hinh ben 
Id trddng hop JK khong song song 
vdiBD). 

Nho vfiy thi£t dipn cua mp(IJK) 
vd ttf di§n la mot tuf giac. Suy ra 

(B) la ddp dn dung. 



C&u 4. Cho hinh chop S.ABCD. Goi AC n BD = I, AB n CD = J, AD n BC = K. 
Ding thtic ndo sai trong cac ding thufc 

(A) (SAC) r» (SBD) = SI; 

(B) (SAB) <' (SCD) = SJ; 

(C) (SAD) n (SBC) = SK; 

(D) (SAC) n (SAD) = AB. 

Giai 

Ding thrrr (SAC) n (SAI)) = AB 
la ;ni Vi i SAC) '\ (SAD) = SA, 
cdc ding tilde con lai deu dung. 

Suy ra dap an sai la (D). 

Cau 5. Cho hinh ch6p S.ABCD. M6t milt piling khong di qua dinh ndo cua 
hinh chop cat cdc canh SA, SB, SC-, SD lan loot, tai A', B', C'. D'. Goi 0 la 
giao diem ciia AC va BD. Tim menh de dung trong cdc menh do sau day. 

(A) Cac difong thing A'C, B'D', SO doi mot chdo nhau; 

(B) Cac ditdng thing A'C', B'D', SO dong piling; 

(C) Cdc ddiJng thing A'C', B'D', SO dong quy; 

(D) Hai dtfirng thing A'C' vi B’D' cit nhau, c6n hai dirtrng thing A'C' va 

SO cheo nhau. S 



Goi O' = A'C' n B'D’ thi ta c6 
SO cung di qua O'. Bieu nky c6 
nghla la ba di/crng thing A'C', 
B'D', SO dong quy, suy ra (C) 
la ddp dn dung. 
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C&u 6. Cho tuf di<?n ABCD. Goi GvJE lin liicft 16 trong tim cua tarn giic 
ABD v6 tam giic ABC. M£nh de n6o dtfdi diy dung? 

(A) Duftng thing GE song song vdi dudng thing CD; 

(B) Dating thing GE cit dating thing CD; 

(C) Hai dating thing GE v6 CD chio nhau; 

(D) Dating thing GE cit dating thing AD. 

Gidi 

Xit aMCD, ta c6: 

ME _ MG 1 
EC ~ GD = 2 
=> EG //CD. 

V$y suy ra m^nh de (A) dung. 

Cflu 7. Cho tuT di$n ABCD. Goi M, K lin laot 16 trung diem cua BC v6 AC, 
N 16 diim trin BD sao cho BN = 2ND. Goi F 16 giao diim cua AD va 
mp(MNK). Trong cic m^nh d4 sau, menh di n6o dung? 

(A) AF = FD; (B) AF = 2FD; 

(C) AF = 3FD; (D) FD = 2AF. 

Gidi 

K6o d6i MN v6 CD cit nhau tai I. 

N6'i KI cit AD tai F, khi d6 ta c6: 

AF _ BN 
FD " ND 
=> AF = 2FD 
=> dip in dung 16 (B) 


CSu 8. Cho tti di#n deu ABCD c6 canh bang a. Goi G 16 trong tAm tam giic 
ABC, cit td di?n bdi mp(GCD) thi dien tich cua thiit dien 16: 

(A) (B) (C) —; (D)^. 

2 4 6 4 

Gidi » 

Mat phing (GCD) cit hinh chtip theo thiit di§n 16 ANCD (N 16 trung 
diim AB) 

Goi P 16 trung di4m cua CD thi ta c6 NP 1 CD. 

Mat. khac theo djnh ly Pi-ta-go ta c6: 

NP 2 = NC 2 - CP 2 = BC 2 - BN 2 - CP 2 
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Cfiu 9. Cho hinh ch6p S.ABCD c<5 ddy Id hinh binh hdnh. Goi I, J lin luat 
Id trung dilm cua AB vd CD. Khi §y, giao tuyd'n cua hai mat phing 
(SAB) vd (SCD) Id difdng thing song song vdi: 

(A) Dating thing AD; (B) Dating thing BJ; 

(C) Dating thing BI; (D) Dating thing IJ. 

Giai 


Do hai mp(SAB) vd mp(SCD) 
co mpt di£m chung Id S vd 
lin laqt chufa hai dating thing 
song song AB, CD n£n giao 
tuyen cua chung Id dating 
thing di qua S vd song song 
vtii BA (hay BI). 

Nhif vdy (C) Id ddp dn dung. 


S 



C&u 10. Cho hlnh chtip S.ABCD c6 ddy 1 
lin lapt Id trung diem cua cdc canh 
dung trong cdc m$nh de sau: 

(A) A’B' /, mp(SAD); 

(C) mp(A'C'D') // mp(ABC); 

Gidi 

Di thd'y .VD' // AD, D'C' // DC. 

Nha vdy mp(A'C'D') // mp(ABC) 
suy ra (C) Id ddp dn dung. 


i hinh binh hdnh. Goi A', B', C', D' 
SA, SB, SC vd SD. Tim mpnh de 

(B) A'C' // mp(SBD); 

(D) A'C' // BD. 


S 







C4u 11. Cho tuf di$n deu ABCD c6 canh b&ng a, did’m M tren canh AB sao 
cho AM = m (0 < m < a). Kni dd, didn tich thifi't di#n cua hinh ti didn 
khi cat bdi mat phang qua M song song vdi mp(ACD) 14: 


(A) 


m 2 V3 _ 

4 ’ 


(B) 


(a - m fsf'Z 
2 


(C) - S *■ — 2 -^ ; 


(D) 


(a - m) 2 \fs 

4 


Giai 


Ta c6 thi(ft dien c£t bdi mat ph&ng 
qua M v4 song song vdi mp(ACD) 14 
tarn gi4c deu MNP. Mat kh4c ta c6: 


MN _ BM 
AC = BA 


» MN = BM 


o MN = a - m 

Vay dt(AMNP) = — (a - m) 2 sin60 o = —— 

2 4 


A 



=> d4p 4n dung 14 (D). 

Cfiu 12 . Cho hinh chdp S.ABCD cd day 14 hinh binh hanh. MQt mat phang 
(P) song song vdi AC va SB ldn lifdt cflt cdc canh SA, AB, BC, SC, SD, 
BD tai M, N, E, F, I, J. Trong cac menh de sau, m$nh de n4o dung.’ 


(A) Bon difdng thang MN, EF. IJ, SB ddi mot song song; 

(B) Bon difdng thang MN, EF, IJ, SB (ldng quy; 

(C) Bon difdng thang MN, EF, IJ, SB dong phang; 


(D> Ca ba m£nh de tren deu sai. 

D4 thay bo'n difdng thang MN, 
EF, IJ, SB ddi mot song song. 
Suy ra (A) 14 dap an dung (Cdc 
phifcmg dn cdn lai d4u sai). 


IV. DAP An 


Giai 



C4u 

1 

2 1 

3 

1 4 

5 

6 

7 

8 

9 

10 

11 

J2 

Ddp dn 

(BL 

(B) 

(B) 

(D) 

(C) 

(A) 

(B) 

(B) 

(C) 

(C) 

(D) 

(A) 
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CHtftfNG III. VECTOr TRONG KHONG GIAN 
QUAN HE VOONG GOC 


§1. VECTtf TRONG KHONG GIAN. Si/ DONG PHANG 
CUA CAC VECT0 

I. t6m tAt ly thuyet 

1. Vecto trong khong gian 

Vecto, cdc phep todn vecto trong khong gian dope dinh nghia hodn 
todn gifing nho vecto vd cdc phdp todn vecto trong mat ph&ng;. chung 
cung c6 cac tfnh chat nho vecto trong mat phang (hinh hoc 10) 

2. Sii d6ng phang cua cdc vecto, dieu kipn de ba vecto dong phang: 

- Ba vecto goi Id d6ng phang nd'u cdc gia cua chung cung song song vpi 
mpt mat phang. 

- Cho hai vecto khong cung phtfong a vi b. Khi d6 ba vecto a , b , c 
dupe goi la dong phang khi vd chi khi c6 cac so m, n sao cho: 

c = m a + n b. 

Ngoai ra cdc so' ra, n la duy nha't. 

- Cho 4 diem phan bipt A, B, C, D. Dieu ki$n cdn va du d£ A, B, C, D 
dong phang (ndm tren mpt mat phang) la co cdc so'm, n sao cho: 

AB = m AC + n AD 
Ngoai ra cdc so'm, n Id duy nha't. 

- Ne'u n , b , c la ba vecto khong dong phang thi vdi vecto d bd't ky, 
ta deu tim dope cdc so m, n, p sao cho: 

d* = ma + nb + pc, ngoai ra cdc so m, n, p Id duy nha't. 

II. BA,I TAP CAN BAN 


Bai 1... Ba vecto a , b , c c6 d6ng phang kh6ng nd'u mot trong hai dieu sau 
dd y xdy ra? 

a) C6 mpt vecto trong ba vecto do bang 0 ; 

b) C6 hai vecto trong ba vecto d6 cung phoong. 

Tra lifi 

a) Nd'u trong ba vecto a , b, c c6 mpt vecto bang 0 , chdng han a = 0, 
thii ba vecto a , b, c dong phAng vi dang thilc sau luon dung: 
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l.a +0,b +0.c b 0 

b) N€u trong ba vecto a , b, c c6 hai vecto ciing phuong ch&ng han b 
vs c cung phuong thi b = k. c (ta x6t vdi c * 0 v) n£u c = 0 thi 
theo cfiu a) ba vecto a , b , c d6ng ph&ng). 

Khi d6 a , b , c la ba vecto dong ph&ng vi d&ng thdc sau lu6n dung: 

O.a +1. b - kc = 0 

Liiu y: Ta c6 th£ tra lUi bang cdch di^ng c6c dilm va chtfng minh cdc 
dilm d6ng ph&ng, tif d6 suy ra k£t qu& c&u trd ldi. 

Bai 2. Cho hinh ch6p S.ABCD 

—> —> —► —> 

a) ChUng minh rkng n£u ABCD Ik hinh binh hanh thi SB + SD = SA + SC. 
Bilu ngUOc lai c6 dung khfing? 

b) Goi O la giao di£m cua AC va BD. Chiifng t6 r&ng ABCD la hinh binh 

hanh khi va chi khi SA + SB + SC + SD = 4 SO 

Gidi 

—► —> —^ —► 

a) Ta c6: SA + SC = SB + SD 

—> —► —► ^ 

SA - SB = SD - SC 

BA = CD 

Vfiy vdi hinh ch6p S.ABCD thi 
ABCD la hinh binh hanh khi 
va chi khi: 

SA + SC = SB + SD. 

—► —► —> —► —► 

b) Ta c6: SA + SB + SC + SD = 4SO 

—► —> —> —► —> —> —* —> —► 

o SO + OA + SO + OB + SO + OC + SO + OD = 4SO 

—> —> —* —► —* 

o OA + OB + OC + OD = 0 (1) 

—» —» 

Lai c6 do O la giao di£m cua hai du&ng ch6o AC va BD; n&n OC = k OA, 
—► —> 

OD = m OB. 

—► —> —> —► -4 

Do d6 (1) o OA + kOA + OB + mOB = 0 

<=> (1 + k) OA + (1 + m) OB = 0 (2) 
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Mat khkc OA vk OB lai lk hai vecto khong cung phi/crng nen t£f (2), ta 

fl + k=0 L fk = -1 
suy ra < hay < 

|l + m = 0 [m = -l 

=s- O lk trung diim cua AC vk BD, turc ABCD lk hinh binh hknh. 

V§y vdi hinh chdp SABCD vk 0 lk giao diem cua hai dirtmg chko AC vk 
BD thi ABCD lk hinh binh hknh khi vk chi khi: 


SA + SB + SC + SD = 4 SO. 

Bki 3. Cho hinh lkng tru tam gikc ABC.A'B'C'. Goi G vk G' lin lifcrt lk 
trong tkm cua tam gikc ABC vk A'B'C’, T lk giao dilm cua hai dtfcmg 
thing AB' vk A'B. Churng minh ring ckc dudng thing GI vk CG' song 
song vdi nhau. 

Giai 


Bat AA' = a , AB = b, AC = c . 

Suy ra AG = ^ ( b + c ) 

3 

—► I -+ -* 

AI = -(a + b) 

2 


Khi d6 GI = AI - AG = 


A' 


3a + b- 2 c 


(a) 


Lai c6 do G' lk trong tkm tam gikc 
A'B'C', nkn: 

-* i -» —v -> 

AG' = M AA' + AB' + AC') 

u 

—► —♦ —* -> 

mk AA' = a, AB' = AA' + AB = a + b 
—> —> -> -♦ -» 

AC’ = AA' + AC = a + c 


B' 




ivt 

C' 

z' \\ 

z.a 

'\ 

6} 

7 


=> AG' 
Mkt khkc 


a + — ( b + c ) 
3 


CG' * AG' - AC = a + — (b + c ) - c = 
3 


3 a + b - 2 c 


(b) 


Ttf (a), (b)=s CG’ = 2. GI 

Mk diim G kh6ng thuQc difimg thing CG' 

Vky GI vk CG' lk hai ditirng thing song song. 
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Bai 4. Cho hinh h$p ABCD.A'B'C'D'. Goi M va N lin ldgt la trung di£m 
cua CD va DD'; G va G' lin IdOt 1 k trpng tim cua cdc td di£n A'D'MN 
vi BCC'D'. Chdng minh ring difdng thing GG' vi mat phing (ABB'A') 
song song vdi nhau. 


Giai 

—► —♦ —► "* —> —* 

Bat AB = a, AD = b vi AA' = c 

Ta c6 do G la trong tdm cua td dien 
A'D'MN n6n: 

AG = -(AA' + AD' + AM + AN) 

4 

vi G' la trong t£m cua td dign 
BCC'D' n&n: 

AG' = -(jS + AC + AC' + AD') 

4 

—► —> —► 

Do vdy GG' = AG' - AG 



GG' = -[(AB - AA') + (AC - AD’) + (AC' - AM) + (AD' - AN] 
4 


= — (A'B + D'C + MC' + ND') 
4 


mi A'B = A'A + AB = - c + a 


D'C = A'B = - c + a 

MC' = MC + CC' = — AB + AA' = - a + c 
2 2 

—> i —> i -* 

ND' = - AA' = - c 
2 2 

-> i-4 -»i-* 

=> GG' = -(-c + a- c + a + -a + c+ -c) 

4 2 2 

1,5 - 1 5 -* 1 - 

4 2 2 8 8 

Vdy GG' = - (5 AB - AA') => GG', AB, AA' ding phing. 
8 


Mat khdc, G la trong tdm td di$n A'D'MN, nin G khdng thu$c mat 
phing (ABB'A'), nen dddng thing GG' va mat phing (ABB'A') song 
song vdi nhau. 

Bai 5. Trong khfing gian, cho tarn gidc ABC. 

a) Chufng minh ring n&u diem M thu6c mat phing (ABC) thi c6 so ba x, y, z 
—^ ^ ^ ^ 

ma x + y + z = 1 sao cho OM = xOA + yOB + zOC vdi moi diem 0. 
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b) Ngi/Oc lai, neu c6 mot diem O trong khong gian sao cho OM = xOA + 
—^ —► 

yOB + zOC, trong do x + y + z = 1 thi diem M thuoc mp(ABC). 


—> —•> 

a) Do AB, AC la hai vecto khong 
cimg phacmg, nen diem M thupc 

mat phang (ABC) khi va chi khi 
—^ 

c6: AM = / AB + m AC 



Hay OM - OA = ((OB - OA) + / M / 

m( OC - OA ) vdi moi O. L- -S-/ 

Tdc Id: OM = (1 - ( - m)OA + ( OB + mOC 
Bat 1- ( - m = x; ( = y, m = z thi: 

—> —» —> —> 

OM = xOA + yOB + zOC vdi x + y + z = 1 

b> Ngtfqc lai: Ttr OM = xOA + yOB + zOC vdi x + y + z = 1, ta c6: 
OM = (1 - y - z)OA + yOB + zOC 


Hay OM - OA = yAB + zAC tdc la AM = yAB + zAC 


M& AB, AC khong cung phiiong ndn M thuQc mat ph&ng (ABC). 

Bai 6. Cho hinh ch6p S.ABC. Lfi'y cdc diem A', B', C’ ldn luot thudc cdc tia 
SA„ SB, SC sao cho SA = a.SA’, SB = b.SB', SC = c.SC', trong dd a, b, c 
la cdc so' thay ddi. Chtfng minh rang mat phang (A'B'C') di qua trong 
tfina cua tam gidc ABC khi va chi khi a + b + c = 3. 


Giai 


Goa G la trong tSm cua tam gidc ABC. 

—> -» —> —» —> -» 

D§t SA = x, SB = y, SC = z. 

Khi dd: 

SA + SB + SC = 3SG 
hay 3SG = x + y + z 

ink theo gid thid't SA = a.SA', SB = b.SB', 
SC = c.SC' va A', B', C' n&m lan li/ot tren 
3 tiia SA, SB, SC. 

=o SA = a. SA', SB = b SB', 
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SC = cSC' 

—> —► —► 

Do d 6 3SG = a.SA' + bSB' + cSC’ 

-> a —> w, —► C —* 

o SG = - SA' + - SB' + - SC' 

3 3 3 

Theo bdi 5, suy ra (A'B'C') di qua G 

» A', B', C\ G ddng phdng 

<=> — + — + - = 1 o a + b + c = 3 (dpcm). 

3 3 3 

III. CAU HOI TRAC NGHI$M 

Cau 1. Cho tam gidc ABC, G la trong tim tam gidc. DSt P = MA 2 + MB 2 + MC 2 
vdi M la didm bat kj'. Trong cac m$nh de sau day, m^nh dd nao dung? 

(A) P = GA 2 + GB 2 + GC 2 ; (B) P = 3MG 2 + GA 2 + GB 2 + GC 2 ; 

(C) P = MG 2 + GA 2 + GB 2 + GC 2 ; (D) P = MG 2 + - (GA 2 + GB 2 + GC 2 ). 

3 

CAu 2. Cho tuf di$n ABCD. Trong cdc m£nh d4 sau day, m$nh d4 nao dung? 
—* —> —> —> —> -> 

(A) AB. CD + AC. BD + AD. BC =0; 

(B) AB.CD + AC.BD + AD.CB =0; 

(C) AB.CD + AC.DB + AD.BC = 0; 

(D) AB. DC + AC. DB + AD. CB =0. 

CAu 3. Cho hinh h$p ABCD.A'B'C'D'. Trong cdc c$p ba vecto sau, cap ba 
vecto ndo ddng ph&ng? 


(A) AB, AD , BB'; 


(B) AB, C'D', B’B; 


(C) AB, C'D', B'C'; (D) AD, C'D', CC'. 

CAu 4. Cho tGr di§n ABCD. Goi A', B', C', D' ldn luqt la cdc di<?m chia AB, 
BC.CD, DA theo ti s6' k. M Id didm tuy Bfl'n di£m A', B', C', D' ddng 
ph&ng khi gid trj cua k Id: 

(A) -1; (B) 0; (C)-2; (D) 2. 

Cau 5. Cho hinh h$p ABCD.A'B'C'D'. Goi P, R ldn loot Id trung diem cdc canh 
AB vd A'D'. Goi P', Q, Q', R' lan loot Id giao dilm cdc dufrng chdo cua cdc 

mat ABCD, CDD’C', A’B'C'D', ADD'A'. Bat M = PP' + QQ' + RR’. Khi d6: 


(A) M = AB; 
—► 

(C) M = AD; 


(B) M = AA'; 
(D) M = 0. 
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IV. DAP AN 


cau 

1 

2 

3 

4 

5 

Dap an 

(B) 

(C) 

(C) 

(A) 

(D) 


§2. HAI DUCfNG THANG VUONG GOC 

i. t6m tat ly thuyet 

1. Gdc gitfa hai dudng thing 

Gdc gitfa hai dudng thing Ai v& A 2 li g6c gitfa hai dudng thing Aj vk A' 2 
cung di qua mot dilm vi lin ltfdt song song (hoac trung) vdi Ai vi A 2 . 

Lite y: N£u ui, U 2 lin luot la cdc vecto chi phuong cua cdc dudng 

thing Aj vk A 2 vd ( ui, U 2 ) = a thi gdc gitfa hai dudng thing Ai vk A 2 
bang a hodc 180° - a tuy theo a < 90° hodc a > 90°. 

2. Hai dudng thing vudng gdc 

Hai dudng thing dutfc gpi la vudng gdc v6i nhau ndu g6c gitfa chung bang 90°. 

- Hai dudng thing a vk. b vuong gdc vdi nhau, ky hi$u alb hoac b 1 a. 

NhU v$y alb o u . v = 0 (u , v lin lu<?t la cdc vecto chi phuong 
cua a va b). 

- M$t dtfdng thing vuOng g6c vdi m6t trong hai dtfdng thing song song 
thi vuong g6c vdi dtfdng thing kia. 

11 . bAi tAp can bAn 

B6i 7. Moi khing dinh sau cd dung khdng? 

a) Hai dtfdng thing cung vudng gdc vdi dudng thing thi? ba thi song 
song vdi nhau. 

b) Hai dtfdng thing cung vudng gdc vdi dudng thing thi? ba thi vudng 
gdc vdi nhau. 

Trd liri 

a) Khing dinh “Hai dudng thing cung vudng gdc vdi dudng thing thi? ba 
thi song song vdi nhau” la khdng dung, (xem hinh a). 
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b) Khing dinh “Hai dodng thing cung vufing gfic vdi dodng thing thtf ba 
thi vufing g6c vdi nhau” li khong dung (xem hinh b). 

Bai 8. a) Cho vecto n khic 0 vi hai vecto a , b khong cung phoong. 
Chdng minh ring neu vecto n vu6ng g6c vdi ca hai vectd a vi b thi ba 
vecto n , a , b khong ding phing. 

b) Chdng minh ring ba vecto cung vuong goc vdi vecto n * 0 thi dong 
phing. Td d6 suy ra cic dudng thing cung vufing goc 'di m§t dodng 
thing thi cung song song vdi mot mit piling. 

Giai 


a) Dung OA = a , OB = b, OC = n 


Do hai vecto a , b khong cung phoong => O, A, B khong thir.g hing. 
O, A, B xic dinh mot mat phing. 

—► —* —► (| 

Gia suf n, a , b dong phing => 0, A, B, C cung thu$c mpt mSt phing 
fOAlOC 

mi •! „ ^ => vo ly 

OB 1 OC 


Viy n, a , b khdng dong phing. 


b) Gia sin 1 a, n 1 b, n 1 c 

• Neu a vi b li hai vecto cung phirong thi a , b, c dong phftnj 

• N£u a vi b li hai vecto khong cung phoong thi a , b, n li ia vecto 
khong dong phing (suy ra td a). Khi dd: 

c = x a +yb + zn 


o c.n=x. a.n+y. b.n+z. n 
o 0 = z. n (vi c.n =0, a.n =0, b.n =0) 


Mi n * 0 => z = 0 


Viy c = x a + y b hay a , b , c dong phing. 

Nfi'u ba doing thing dj, 62 , d 3 cung vufing g6c vdi mpt doing thiig d thi 
do kfi't qua tren nen ta cfi ba vecto chi phoong cua ba dodng tlimg dj, 
62 , d 3 dong phing, tdc li ba dodng thing di, d 2 , d 3 cung song sonig vdi 
mpt mit phing. 
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Bai 9. Cho hinh chdp S.ABC c6 SA = SB = SC v4 ASB = BSC = CSA. 
Chtfng minh r&ng SA 1 BC, SB ± AC, SC X AB. 

Gidi 

G 

Ta c6: 

SA . BC = SA (SC - SB) 

-> -» -4 -» 

= SA.SC - SA.SB 



= I SA I. I SC I .cos ASC 

- I SA l.l SB I. ASB 
ma SA = SB = SC, 

ASB = BSC = CSA 

=> SA. BC = 0 hay SA 1 SB. 

Ho&n to&n ti/cfng tif ta c6: SB 1 AC, SC I AB. 

—> —► —► —► 

Bai 10. Cho hinh td di$n ABCD. Chdng minh rang n4'u AB. AC = AC. AD 
—► —> 

= AD. AB thi AB 1 CD, AC ± BD, AD X BC. Bi4u nguoc lai c6 dung 
kh6ng? 

Gidi 

Ta c6: AB AC = AC. AD 
c=» AC(AB - AD) = 0 

<s> AC.DB =0 o AC1BD 
Ho>an toan ti/ong tuf, ta c6 dtroc: 

AB. AC = AD.AB « AB 1 CD 

AC. AD = AD . AB « AD 1 BC 
NhiUvSy di4u ngifoc lai cung dung. 

Bai H. Cho hinh tCr di£n ABCD c6 AB = AC = AD va BAC = 60°, BAD = 60°, 
CAD = 90°. Chdng minh rang: 

a) AB X CD 

b) N4u I va J l4n lufot la trung dilm ciia AB va CD thi IJ 1 AB va IJ 1 CD. 

Gidi 



a) Ta c<5: AB. CD = AB( CA + AD) 
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Vfiy AB 1 CD. 


b) Vi I va J ldn ltf<?t la trung diem cua AB va CD n§n 

—> i —> -> 

IJ = -(AD + BC) 

2 

—> —> 1 —> —> —> i —> —> i —> —> 

=> AB. IJ = - (AD + BC ). AB = - AD . AB + - BC. AB 
2 2 2 

1 —> —> 1 —> —> —> 

= — AD . AB + — (AC - AB) AB 

2 2 

» - I AD I. I AB ! .cos60° + - I AC I. I AB I .Cos60° - A£ 2 . 

.2 2 

= ^ a.a. i + ^a.a, ^ - a 2 = 0. (Trong d6 AB = AC = AD = a) 
Vdy AB 1 IJ 

Mat khdc CD = CA + AD, IJ = -(AD + BA + AC) 

2 

=> CD.IJ = -(CA + AD)(AD + BA + AC) 

2 

= ^(-AC. AD + AC. AB - AC + 'AD - AD . AB + AD. AC) 

1 —> —> —> i —» —> 

= - AB(AC - AD) = - AB.DC = 0 

2 2 

V$y CD 1 IJ. 

III. cau h6i trAc nghi£m 

Cfiu 1. Cho hinh ch6p SABC c6 AB = a (cm); BC = a -Jz (cm); CA = 2a (cm). 
Goi I, J l£n li/at la trung diem cua SB va SC. G6c giiJa IJ va AC la: 

(A) 30°; (B) 45°; (C) 60°; (D) 90° 
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C&u 2. Cho tti di$n ABCD. Goi M, N lin loot 16 trung diAm cua BC vti AD. 
AB = CD = 2a, MN = a>/3 . Khi d6 g6c gitfa hai dating thing AB vti CD 16: 
(A) 30°; (B) 45°; (C) 60°; (D) 90° 

Cfiu 3. Cho hinh ch6p S.ABCD vdi dtiy ABCD 16 hinh chuT nhtit AB = 4cm; 
AD = 3cm, SD = SC = 4cm. Gdc giura SC v6 AB 16: 

(A; 90°; (B) 60°; (C) 45°; (D) 30°. 

C6u 4. Cho hinh chop S.ABCD cd d6y ABCD 16 hinh binh h6nh v6 AD = 2AB, 
tam gitic ASB vudng tai A. M 16 did’m di ddng trdn canh AD (M * A v6 
M * D). Goi (a) 16 mat phing di qua M v6 song song vdi SA v6 CD. Goi 

hinh H la thiet di?n tao bdi hinh ch6p SABCD vdi mat phing (a). 

Trong c6c mdnh de sau, mdnh de n6o dung? 

(A) H 16 hinh binh h6nh; (B) H 16 hinh chuf nhtit; 

(C) H 16 hinh thang can; (D) H 16 hinh thang vudng. 

C6u 5. Cho hinh chdp SABC. M 16 trung dilm AB. (P) 16 mat phing qua M 
v6 song song vdi SB v6 AC. Biet SB 1 AC, SB = 12cm, AC = 8cm. Goi 
So 16 dien tich thiet di$n tao bdi mat phing (P) vdi hinh ch6p SABC. 
Khi d6 So 16: 

(A) 72cm 2 ; (B) 24cm 2 ; (C) 48cm 2 ; (D) 32cm 2 . 

IV. DAP AN 


Ciu 

1 

2 

3 

4 

5 

| B6p 6n 

(A) 

(C) 

(B) 

(D) 

(B) 


§3. Dtftf ng thAng vu6ng g6c vdi mAt phang 

i. TdM tAt ly thuy£t 

1 . dating thing goi 16 vu&ng g6c vdi mat phing nfi'u n6 vudng g6c 
vdi moi dating thing nim trong mdt phAng d6. 

Khi dating thing a vudng g6c vdi mat phAng (P) k# hi$u a 1 (P) hotic 
(P)-La 

2. Djnh \fi 

Neu dating thing d vudng gdc vdi hai dating thing cAt nhau a v6 b 
ciing nim trong mat phAng (P) thi dating thing d vudng gdc vdi mat 
phing (P). 

3. Tlnh chit 

- Qua m$t dilm 0 cho trade cd duy nhti't mdt mat phing (P) vudng gdc 
vdi mdt dating thing a cho trade. 
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Qua mot diem O cho tn/dc co duy nhat mot dudng thing A vuong goc 
vdi mot mat phing (P> cho trudc. 

a // b 1 

mplPi b; 


Neu 

mpfP) 1 a 
a L mp(P)j 
- Neu b 1 mp(P) / 
a4 ! 


a // b; 


Neu 


mp<P) // mp(Q) 
a 1 (P) 


. mp(Q); 


mp(P) X a 

- Neu mp(Q) 1 a > => mp(P)//mp(Q); 
mp(P) * mp (Q) l 


a // mp(P)l 
b i mp(P)j 


=> b : a; 


a e mp(P) j 

- Neu a i b '• => a // mp(P); 
mp<P) 1 bl 


4. Dinh ly ba dtfdng vuong goc 

- Dinh nghla: Phdp chieu len mat phing (P) theo phitong < vuong gdc 
vdi mat phing (P) goi la phep chieu vuong goc len mat phing (P) 

- Dinh ly ba dtldng vuong goc: Cho dufmg thing a cd hinh chieu tr6n mat 
phang (P) la dudng thing a'. Khi do nipt dudng thing b nim trong mat 
phing (P) vuong g6c vdi a khi va chi khi no vuong goc vdi a'. 

5. Goc gitfa ditifng thing va m$t phing 

- Neu di/dng thing a vufing goc vdi mat phing (P) thi ta ndi ring goc 
gitfa dtrdng thing a va mat phing (P) bang 90°. 

- Neu difdng thing a khdng vuong gdc vdi mftt phing (P) thi gdc gida a 
va hinh chieu a' cua no tren (P) la gdc gida dudng thing a vi mat 
phing (P). 

- Goi a la goc gitfa dtfdng thing a va mp (P) thi 0° < a < 90°. 

I. BAl TAP CAN BAN 

Bai 12. Khing dinh “Mot difdng thing vuong gdc vdi hai dirdng tiling phdn 

biet trong mat phing (P) thi no vuong gdc vdi mat phing (P)” cd dung 

khong? Vi sao? 
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Tra liti 

KhAng dinh “Mot du&ng thAng vuong 
goc vdi hai di/dng thAng phAn bi(?t 
trong mat phAng (P) thi no vuong goc 
vdfi mat ph&ng (P)” khdng dung. 

Vi du; Hai dufrng thAng a, b cho tnfdc 
trong mat phAng (P), a // b, cbn di/dng 
thAng c nAm trong (P) sao cho c 1 a, c 1 b. 

Bai 13. Cho hai dirbng thAng a, b va mat phAng (P). CAc menh do sail day 
dung hay sai? 

a) Neu a // (P) va b J (P) thi b 1 a; 

b) Neu a // (P) va b 1 a thi b x (P); 

c) Neu a // (P) va b // a thi b // (P); 

Tra liii 

a) Menh d6 “Neu a // (P) va b L (P) thi b 1 a" la m?nh de dung vi: 

Do a // (P) =■> a // a' ma a' c (P), lai c6 b 1 (P) => b i a' b .! a. 

Ii) M§nh de “Neu a // (P) va b 1 a thi 
b L (P)” la menh de sai vi: 

Dua vAo dicu kien di/dng thAng vuong 
gdc vdi mAt piling, 
c) M<?nh de “Neu a // (P) vA h // a thi 
b // (Pf la menh de khdng dung. - Vi 
du khi b a (P) (hinh ben). 

Bid 14. Cho didm S cd hinh chieu tren mAt phAng (P ) la II. Vdi diem M bat 
ky tren (P) (M khdng trung H), ta goi doan thAng SM la dubng xien, 
doan thAng HM la hinh chibu ciia dufyng xien do. Cluing minh rAng: 
n) Hai di/dng xien bAng nhau khi va chi khi hai hinh chieu ciia cluing 
bAng nhau, 

1>) Vdi hai dtfdng xidn cho tnfdc, dudng xien nao dai hdn thi cb hinh chieu 
dAi hon va nglide lai, di/dng xien nfto c6 hinh chieu dai hcfn thi dai hetn. 
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=> hai tam gidc vuong SHMj va SHM 2 bang nhau (c - g - c) 

=> SM 2 = SMj 

Ngtfoc lai gia sur Mi, M 2 thuQc mp(P) sao cho SMi = SM 2 
Do SH 1 (P) => SH 1 HMi, SH 1 HM 2 g 

=> ASHM! = ASHM 2 => HMi = HM 2 \ 

b)Gi£ stf Mi, M 2 e (P) va SMi > SM 2 (1) / \ 

X6t hai tam giAc vudng HSMi vA HSM 2 / \ 

Ta c6: SH 2 = S M? - H M? / .\_ 

SH 2 = SM^-HM^ / / 

=> SMj - HM? = SM 2 - HM 2 / M i h Mz / 

<» SM? -SMi = HM? -HM| (2) m _/ 

Tir (1), (2) oHM, - HM 2 >0 hay HMi > HM 2 

Ngiftfc lai, gia sur HMi > HM 2 , bAng cAch chdng minh ti/ang tu ta c6 
SMi > SM 2 (dpcm). 

Bai 15. Cho ttf di^n ABCD. Tim diem 0 cAch deu bon dinh cua tur di$n. 

Giai A 

Tif tSm I cua dudmg tr6n ngoai ti£p A 
BCD difng lx 1 mp(BCD). Qua trung diem 
H cua AB di/ng mp(a) X AB. Goi O la 
giao diem cua lx va mp(a) thi O la di£m 
cAn tim. That vAy, do IB = IC = ID ® 

=> OB = OC = OD; OA = OB. VAy 0 cdch 
d£u A, B, C, D P 

Bai 16 . Cho hinh til di$n ABCD c6 AB, BC, CD ddi mdt vu6ng g6c va AB = a 
BC = b, CD = c. 

a) Tinh dfl dAi AD 

b) Chi ra di£m cdch d4u A, B, C, D ^ 


AB 1 BC 
AB 1 CD 


AB 1 mp(BCD). 


Mat khAc BC 1 CD ngn AC 1 CD 
(dinh ly ba di/Ang vuong g6c) 

VAy AD 2 = AC 2 + CD 2 

= AB 2 + BC 2 + CD 2 




=> AD = 7AB 2 + BC 2 + CD 2 = sja 2 + b 2 + c 2 
b) Vi ABD = ACD = 90° 

Do vSy di£m each dlu bd'n diem A, B, C, D la trung dilm I cua AD. 

Bai 17. Cho hinh til didn OABC c6 ba canh OA, OB, OC ddi mot vuong g6c 

a) Chting minh rang tarn gi£c ABC c6 ba g6c nhon 

b) Chilng minh rang hinh chid'u H cua diem O tren mp(ABC) trung vdri 
true tam tarn giac ABC. 

c) Chilng minh rang —= -=- + —+ 

* OH 2 OA 2 OB 2 

Gidi 

a) Do OA, OB, OC ddi m§t 
vudng gdc vdi nhau, n§n 

AB 2 = OA 2 + OB 2 ; 

BC 2 = OB 2 + OC 2 ; 

CA 2 = OC 2 + OA 2 . B 

Suy ra: AB 2 + CA 2 = 20A 2 + OB 2 + OC 2 > OB 2 + OC 2 = BC 2 
=> BC 2 < AB 2 + CA 2 

mh BC 2 = AB 2 + CA 2 - 2AB.CA.cosA => cos A > 0 
=> BAC la g6c nhon. 

Hoan toan chilng minh ti/cfng tu, ta c6 ABC, BAC la g6c nhon 
Vfiy AABC la tam gidc nhon. 

b) Do H la hinh chi£u cua O trdn mat ph&ng (ABC). 

=> OH X mp(ABC) =5 OH 1 BC (1) 

Lai c6 OA 1 mp(OBC) => OA 1 BC (2) 

Tur (1), (2) => BC 1 mp(OHA) => BC 1 AH 
=> AH la dudng cao cua ABAC 

Hoan toan tuung tu BH 1 AC, CH 1 AB hay H la true tfim AABC. 

c) Gi£ stf AH 1 BC tai A', n£n BC 1 OA' 

Lai c6 OH la duAng cao tam gidc AOA' (vudng tai O) 

V& OA' la dUAng cao cua tam gidc vuong BOC (vudng tai O) ndn: 

1 _ 1 _ 1 1 _ _ 1 _ _ 1 _ 

OH 2 = OA 2 + OA' 2 ’ OA' 2 " OB 2 + OC 2 

Vfiy- = J_ + J_ + _±_ 

OH 2 OA 2 OB 2 OC 2 
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Bai 18 . Cho hinh chdp S.ABC c6 SA 1 mp(ABC) vd tam gidc ABC kh&ng 
vubng. Goi H v4 K ldn luot Id tnic tam cua cdc tam gidc ABC vd SBC. 
Chufng minh rang: 

a) AH, SK, BC dong quy; b) SC 1 mp(BHK); 

c) HK 1 mp(SBC). 


Giai 

a) Goi AA' la ducrng cao tam gidc ABC, 
do SA 1 mp(ABC) nen SA' 1 BC (dinh 
ly ba diidng vuong g6c) 

Vi H Id true tarn AABC, K la true tdm 
tam gidc SBC, nen H e AA' vd K e SA'. 
Vdy AH, SK, BC dong quy tai A'. 

b) Vi H la tnic tAm tam gidc ABC 
=> BH1 AC. 

Md SA 1 mp(ABC), BH c mp(ABC) => 
Nen BH 1 mp(SAC) ^ BH 1 SC 



Lai c6 K la true tdm tam gidc SBC => BK 1 SC -(2) 

Tif(l), (2) => SC 1 mp(BHK) (dpcm). 

c) Tir cdu b), SC 1 mp(BHK) => HK 1 SC (3) 

Lai c6 BC 1 mp(SAA') => BC 1 HK (4) 

Til (3), (4) =? HK 1 mp(SBC). 

Bdi 19. Cho hinh ch6p S.ABC c6 ABC la tam gidc d4u canh a vd SA = SB = 
SC = b. Goi G la trong tam tam gidc ABC. 

a) Chufng minh rang SG 1 (ABC). Tinh SG. 

b) Xdt mdt ph&ng (P) di qua A vd vudng g6c vdi duemg th&ng SC. Tim he 
thufc giUa a vd b d£ (P) dit SC tai diem Ci ndm giufa S vd C. 

Khi d6 hdy tinh di£n tich thiet dien cua hinh ch6p SABC khi c^t bdi 
mat phdng (P). 

Giai 

a) Ke SH 1 mp(ABC), do SA = SB = SC 
=> HA = HB = HC. 

Mat khde AABC Id tam gidc d4u nen 
H trung vdi trong tAm G cua tam 
gidc ABC. VAy SG 1 mp(ABC) 

Ta c6 SG 2 = SA 2 - AG 2 
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Vay SG = 

bi Goi C' la trung diem AB C, C', G thdng hang 
Do A ABC ddu => CC' 1 AB, mat khdc SG 1 AB (vi SG J. mp(ABC)) 
=> AB L mp(SCC') hay AB 1 SC 
Lai c6 do (P) di qua A va vudng 
goc vdi SC nen AB c mp(P). 

Ke ACi 1 SC cua tarn giac ASC 
mp(AC,B) la mat phang (P) 

Do tarn giac SAC c£n tai dinh 
S nen Ci ndm trdn SC 
«• ASC < 90° 

Hay AC 2 < SA 2 + SC 2 hay a 2 < 2b 2 
Khi d6 thiet di<?n tao bdi (P) vdi hlnh 
ch6p SABC la tarn gidc ABCj. 

Saabc, = ~ AB.C'Ci = ia.C’Ci 

*- 4 




Lai cd hai tam gidc vuong SGC vd tam gidc C'CiC dong dang vdi nhau 

=> ^ C'C,= ^GC 

SC C'C SC 



V§y S,vauc 1 = ^a.C'Cj = 

Bai 20. a) Cho td dien ABCD co AB L CD, AC 1 BD. Chdng minh rang 
AD 1 BC. Vdy cdc canh dd'i dien ciia td dien d6 vuong gdc vdi nhau. Td 
di?n nhd the goi Id td: di#n trtfc tam. 
b) Chdng minh rang cdc m$nh de sau day Id tdong ddong. 
i) ABCD Id td di$n trdc tdm; 
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ii) ChSn duirng cao ha tU m6t dinh trung vdi true tAm cua mat doi diAn; 

iii) AB 2 + CD 2 = AC 2 + BD 2 = AD 2 + BC 2 . 

c) ChUng minh rSng bd'n duUng cao cua tuf diAn true tam dong quy tai 
mpt diAm. DiAm d6 goi la trite tam cua tuf diAn n6i trAn. 

Giai 

a) Vtfi 4 dilm A, B, C, D bat ky ta c6: 

AB. CD + BC . AD + CA . BD = 0. That vAy: 

—> -> -* —> -» 

AB. CD + BC . AD + CA. BD 

= AB(AD - AC) + AD(AC - AB) + CA(AD AB) 

= AB.AD - AB. AC - AD. AC + AD. AB + AD CA - AB.CA = 0 
TU kAt qua tren suy ra neu tU dien ABCD c6 AB ± CD vA AC 1 BD tufc lh 

AB.CD = 0, AC. BD = 0 thi BC . AD = 0 hay BC 1 AD (dpcm). 

b) Ta chufng minh a) o b) 

Ta chufng minh: vdi- tuf di#n ABCD, 
dieu ki§n AC 1 BD, AB 1 CD xay ra 
khi vA chi khi hinh chiA'u cua A trAn 
mat phang (BCD) 1A true tam tam 
gidc BCD. 

That v$y: ke AA' 1 (BCD) thi A' IA 
hinh chiAu cua A trAn (BCD). 

Do AB 1 CD nAn BA’ ± CD 
Tuong tu CA' 1 BD. 

VAy A' 1A true tAm tam giAc BCD. 

NgUqc lai, do A' 1A true tAm tam giAc BCD nAn BA' 1 CD. tU d6 suy ra 
AB 1 CD 

Tuong tU AC 1 BD. Do vAy, tif ABCD 1A tuf diAn tri/c tAm vA ttt kA't quA 
trAn, ta suy ra i) vA ii) 1A tuung duung. 

Ta chufng minh i) cs> iii). 

Ta c6 AB 2 + CD 2 = AC 2 + BD 2 

o AB 2 + (AD - AC) 2 = AC 2 + (AD - AB) 2 

o -2AD.AC = -2A .m 
—► —> 

o AD . BC = 0 hay AD 1 BC 

Tuung tii nhu trAn, ta c6: 
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A 


AC 2 + BD 2 = AD 2 + BC 2 *» CD 1 AB 
AB 2 + CD 2 = AD 2 + BC 2 oDBi AC. 

V$y (i) o (iii). 
c) Vi ABCD Id tuf dif n tn/c tam 
Do vdy, ng'u kd cdc dudng cao 
AA' vd BB’ cua td di$n thi theo 
chdng minh tren A’, B' ldn luqt g 

Id true tam cua tam gidc BCD 
vd tam giAc ACD. 

Khi d6 AB’ BA', CD dong quy 
tai diSm I. 

=> AA' va BB i 1 ’ hai dudng cao cua tam gidc AI$1, n£n AA' vd BB' cdt 
nhau tai H. 

Ti/cmg tii, k£ dudng cao CC' cua tuf di§n thi ta cd AA', CC' cdt nhau v& 
BB', CC' cdt nhau. 

Mat khdc AA', BB', CC' khong dong phdng n6n AA’, BB', CC' ddng quy 
tai mqt diem. 

Lap ludn tudng tu nhu trdn, ta c6 AA', BB', DD' ddng quy (vdi DD' la 
m$t dudng cao cua tuf di<|n ABCD) 

Vdy khi ABCD la td di$n true tdm thi cdc dudng cao AA', BB', CC', DD' 
dong quy tai diem H. 

III. CAU HOI TRAC NGHlgM 

CSu i. Cho td di?n OABC cd OA, OB, OC tdng cap vudng g6c vdi nhau. Gqi 
H la true tam cua A ABC. Cdu nao sau day sai? 

(A) OA 1 (OBC); (B) AC 1 (OBH); 

(C) AB 1 (OBC); (D) OH 1 (ABC. 

CSu 2. Cho hinh ch6p SABC cd SA, SB, SC dfti m^t vudng g6c vdi nhau. Va 
SA = SB = SC = l(cm). Goi H la hinh chiSu cua S l£n (ABC). DO dai SH la: 

(A) y (cm); (B)|(cm); (C) y(cm); (D) 73 (cm). 

C&u 3.. Cho hinh ch6p SABCD cd ddy la hinh vudng ABCD canh 4a, SA =\3a. 
SD = 5a. Trong cdc menh dd sau, m£nh de ndo dung. 

(A) BD 1 (SAC); (B) AB 1 (SAD); 

(C) SA 1 (ABCD); (D) Cd (A), (B) vd (C) d£u sai. 

CSu 4. Cho hinh chdp SABCD c6 ddy ABCD la hinh vudng canh a, SA 1 (ABCD), 
SA = a J2 . Goi a la gdc gitfa dudng thdng SC vd mat ph&ng (ABCD). 
Kha dd a bang: 

(A) 30°; (B) 45°; (C) 60°; (D) 90°. 
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Ciu 5. Cho hinh chdp SABCD c6 day ABCD la hinh thoi canh a, SA = a, 
SA 1 (ABCD). Khi BCD = 120°, do dai canh SC la: 

(A)^; (B)aV2 ; (C) (D) 2a. 

2 2 

IV. DAP AN 


Cau 

1 

2 

3 

4 

5 

Ddp an 

(C) 

(A) 

(D) 

(B) 

(B) 


§4. HAI MAT PHANG VUONG G6C 


I. TOM TAT LY THUYfeT 

1. Goc giffa hai mat phing: 

La g6c gida hai dt/dng thing lin litot vuong g6c vfli hai mat phing d6. 
Djnh ty: Goi S la dipn tich cua da gidc H trong mat phing (P) va S' 
la di§n tich hinh chife'u H' cua H tren mat phing (P') thi S' = S.cos<p, 
trong do <p la g6c giQa hai mat phang (P) va (P') 

2. Hai mat phing vuong goc: 

+ Hai mat phang goi la vudng g6c vdri nhau nfe'u g6c gida chung bang 90°. 

+ Bieu kien de hai mat phang vuong g6c: 

* Dinh ly: Hai mat phang vuong g6c vdi nhau khi va chi khi m6t trong 
chung chtfa di/frng thing vuong gdc vdi mat phing con lai. 

* Cdc hf qua: 

(P)^ (Q)| 

A e <P) 
a 1 (Q) 

A g a 
(P)l(Q) 

(P)n(Q) = c| 
a c (P) 
ale 

(P) n (Q) = a] 

N£u (P) 1 (R) 

(Q) 1 (R) 

Qua diidng thing a khong vuong goc vdi mat phing (P) co duy nhat 
mpt mat phing (Q) vuong goc vdi mat phing (P) 


Neu 


Ne'u 


=» aclP) 


=> a 1 (Q) 


a 1 (RI 
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3. Hinh lang tru durng, hinh hpp chtf nhat, hinh 14p phifcmg. 

4- Hinh ch6p deu v4 hinh chop cut deu. 

II. BAl TAP CAN BAN 

Bai 21. Cac menh de sau dung hay sai? 

a) Hai mftt phing cung vuong g6c vdi mat phing thd ba thi song song 
vdi nhau; 

b) Hai mat phing cung vuong g6c vdi mat phing thd ba thi vuong g6c 
vdi nhau; 

c) Qua mpt dudng thing cho trtfdc co duy nhat mot mat phang vuong gdc 
vdi mot mi . nhing cho trddc; 

d) C6 duy nh t m6t mat phang di qua m§t di£m cho trirdc va vuong gdc 
vdi hai mat pha.’g cat nhau cho tn/dc; 

e) Cac mat phang cung di qua mpt diem cho trtfdc va vuong g6c vdi mpt 
mat phing cho trifdc thi luon di qua mot diitfng thing c6 djnh; 

0 Hinh lang tru cd hai mat ben 14 hinh chuf nh4t 14 hinh lang tru durng; 
g) Hinh chop co d4y 14 da giac deu v4 ba canh b4n bing nhau 14 hinh 
chdp diu. 

Gini 

a) L4 mpnh de sai, xem hinh (a), hai mat phang (P) v4 (Q) cung vuong 
gdc vdi mat piling (R) nlufng (P) khong song song vdi (Q) 



b) 14 m§nh de sai, xem hinh (b), ta cd: 

Hai mat phing (ABB'A') v4 (CDD’C') vuong g6c vdi mat phing (ABCD) 
song (ABB'A') v4 (CDD'C') kh6ng vuong gdc vdi nhau. 

c) Mpnh de “Qua mot ducnig thing cho trudc co duy nhat mot mat phing 
vuong gdc vdi mpt mat phing cho trifdc" 14 menh de sai. That vijy: Khi 
A 14 difdng thing vuong goc vdi mat phing (P) cho trifdc thi qua A c6 vo 
so mat phing vuong goc vdi mat phing (P). 


11)7 






d) M|nh di “C 6 duy nhd't mdt mat phing di qua m$t diim cho tri/dc vd 
vudng g 6 c vdi hai mat phdng cdt nhau cho trifdc” la m$nh di dung. 

e) M0nh di “Cdc m 0 t phing cung di qua mpt diim cho tn/dc va vudng 
g 6 c vdi m 0 t mat ph&ng cho tn/dc thi luon di qua m 0 t dating thing co 
dinh” la mdnh di dung vi: Gid sd hai mat phing (Q) va (R) bd't ky di 
qua diem O va vudng gdc vdi mat phing (P). Khi dd (Q) va (R) cdt nhau 
theo giao tuyin A di qua O va vudng g 6 c vdi (P). 

Do mp(P) va dilm 0 cho tri/dc nen A la dating thing c6 dinh. 

f) M0nh di “Hinh lang tru cd hai mat bdn la hinh chtf nhat la hinh lang 
tru ddng” la m 0 nh di sai vi khi hai mat ben cua hinh lang tru nim tren 
hai mat phing song song thi lang tru dd chi/a chic la lang tru ddng. 

g) M0nh di “Hinh chdp cd day li da gidc diu va ba canh ben bang nhau 
la hinh chdp diu” la mdnh di dung. That vdy: Gii '’suf hinh chdp 
SAiA 2 ...A n cd ddy la da gidc diu va SAj = SA 2 = SA 3 . Goi H la hinh 
chid'u cua S ldn (AiA 2 ...A„) => HAi = HA 2 = HA 3 => H Id tam cua da 
gidc deu AiA 2 -..A n => mdnh de dung. 

Bdi 22. Cho hinh h$p ABCD.A'B'C'D’ cd AB = a, BC = b, CC' = c. Ni'u: 

AC' = BD' = B’D = yja 2 + b 2 ~+ c 2 
Thi hinh h0p dd cd phii la hinh hdp chuf nhat khdng? Vi sao? 

Giai 

Xdt hinh binh.hanh ACC'A' ta cd AC ' 2 + CA ' 2 = 2(AC 2 + AA' 2 ) 

D 6 i vdi hinh binh hdnh BDD'B' ta cd: 



Nfen suy ra A'C = ^/a 2 + b 2 + c 2 , the bd'n doting cheo cua hinh hpp hang nhau. 

Lai cd do ACCA la hinh binh hdnh va AC' = A'C nen ACC'A' a hinh 
chuf nhfit, tufc la AA' 1 AC. 

TOt/ng tti nhi/ tr§n ta cd BB' 1 BD. Md BB' // AA', vdy AA' 1 (ABCD) 
Ti/cfng tti, ta cd AB 1 (ADD'A'), AD 1 (ABB'A'). 

Va-y ABCD.A'B'C'D' la hinh hdp chuf nhat. 
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Bai 23. Cho hinh ISp phiidng ABCD.A'B'C'D' c6 canh b&ng a. 

a) ChiJng minh r&ng AC' vu6ng g6c v6i hai mat phang (A'BD) va (B'CD') 

b) C^t hinh lfip phuong bdi mat phang trung true cua AC'. Chtfng minh 
thiet di£n tao thanh la mot luc giac d4u. Tinh di^n tich thiet di$n d6. 

Giai 


Do ABCD.A'B'C'D' la hinh lap 
phudng, suy ra AB = AA' = AD = a 
va CA' = C'B = CD = a V2 
Suy ra A, C' ndm tr§n true dudng 
tr6n ngoai ti£p tarn giac A'BD 
=> AC' 1 (A'BD) 

Hoan toan tiftfng tif, ta chufng 
minh dune AC' 1 (B'CD'). 

(Hem ntfa trong phan quan he 
song song, ta da chufng minh deroc 
(A’BD) va (B’CD’) song song vdi 
nhau va chia doan AC’ thanh ba 
ph4n b&ng nhau). 


A' P B' 



b) Goi M, N, P, Q, R, S ldn loot la trung dilm CB, BB', B'A', A'-D', D'D, DC. 
Khi d6 ta c6 M, N, P, Q, R, S d6ng ph&ng (1) 


Lai c6, do MN // CB' ma 


(CB'c(CB'D') 

lAC'l(CB'D') 


Nen AC' 1 MN (2) 


Hoan toAn tuong tif, AC’ 1 NP (3) 

Ttt (1), (2) va (3). suy ra AC' 1 (MNPQRS) (*) 

Goi O la trung dif?m AC' => O la trung diem MQ suy ra: 

O e (MNPQRS) (**) 

Tti (*) vA (**), suy ra luc giac MNPQRS la thid’t di£n din tim. 

• Ta c6 do ABCD.A'B'C'D' la hinh lap phtfemg canh a, nfin d§ nhan thay 

MN = NP = PQ = QR = RS = SM = ~ 


Do vdy MNPQRS la luc giac d4u canh 


a>/2 

2 


Goi So la di£n tich luc gidc MNPQRS 

Suy ra So = 6.dt(AMON) (dt(AMON) la di£n tich tam gidc MON) ma tarn 
giac MON la tam gidc d6u canh 

It 
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So = 6. 


1 

2 ' 2 ' 1 


; kV 

4 


(ckfli vi dien tich) 


Vay dien tich thiet dien l& 


3 J§** 

4 


Bai 21. Cho hinh chop S.ABCD co day la hinh vuong canh a vi SA 1 
(AHCD), SA = x. Xac dinh x de hai mAt pining (SBC) vA (SDC) tao vcti 
nhau goc 60°. 


Ciiiii 

Goi O la giao diem cun AC va BD. Trong mat phAng (SAC) ke OOi 1 
SC. l)e thay (BDO,> 1 SC 

Vav goc giiifa hai mat phang (SBC) vA (SDC) la goc giiifa hai dudng 
thAng BO, vA DO,. 

Lai co OO, 1 BD. OO, < OC = OB nen BOjO > 45° 

Tiwng to D0,0 > 45°, tifc BO,D > 

Nhif vav viec xAc djnh x d6 hai 
mat pining (SBC) va (SDC) tao 
v<fi nhau goc 80" tifcmg difcfng vdi 
vi-'c xac dinh x de BO,D = 60°. 

Mat khac tain giac BO,D can tai 
O in'-n yen can Iren ttfong duwng 
v«i xac djnh x de BO,D = 60° 
hone BO = OOi.landO". Dien nay 
lif-fng difong vdi BO = OO,. 

Ta co: OO, = OC.sinOCO, = OC. sin AGS = OC.— 



Nhd vay BO = 00 I . <=> BO = & .OC. ^ 

SC = Js -SA (vi OC = BO) 
o y/x" »2a" = y'3 .x <=> x = a. 


Vay khi x = a thi hai mat phang (SBC) vil (SCD) tao voi nhau mot goc 60° 
Bai 25. Cho hai mAt phang vuong goc (P) va (Q) co giao luyfiii A. LAy A, B 
cinig thuoc A va lay C e (P), D e iQ) sao cho AC X AB, BD 1 AB vA 
AB = AC = BD. Xrlc dinh thid't dien cuu ttf dipn ABCD khi cat hoi mAt 
phang Uii di qua diem A va vuong g6c vdi CD. Tfnh dien tich thiet dipn 
khi AC = AB = BD = a. 
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(iiai 

Goi I 1A trung di£m cua BC. 

Do AB = AC ^ AI 1 BC. 

Do BD J (ABC) nen Al 1 CD (theo 
dinh ly ba du&ng vuong goc) 

Trong mAt phAng (BCD), ke IJ 1 CD. 
(J e CD) => CD 1 (AIJ) 

=> (AIJ) IA mat ph&ng (a) vA thigt 
dien can tim la tarn giAc AIJ. 

Do thay AIJ la tam giac vuong tai I 
(vi AI J. (CBD), 

VAy S \/\u = i AI.IJ (S x a!J IA dien 



tich tam girie AIJ) 

1 aJ2 

Ta co AI = ^ BC = ~ • va ACJI — ACBD (hai tam giac vuong co mot 
cap goc nhon bang nhau). 

IJ Cl tI Cl 


a 72 


:iv(> 


DB CD 


IJ = ' ‘ DB = %- .a = 

CD aV3 (I 


... e 1 a72 a76 a'\3 , .... 

Vay Suu * . -- = (di/n vi (ben tich). 


Bai 26. llinh hop ABCD.A'B'C'IV lit hinh hop jji neu tlioa man mot trong 
cac dic*u kien sau? 

a) TiY dien AB'CD' co cac canh doi bang nhau; 
in TiTr dien AB'CD’ co car. canh doi vuong gbc; 
c) Tif dien AB'CD’ lit ttf dien don; 


l!ini 

a) Ta co B'D’ = BD, vi AB'CD' lit 
UY dmn co cac canh doi vuong 
g6c. Do vay, 

AC = B IV c> AC = BD 
Khi d6 ABCD IA hinh chff nhat 
Tifong tu ta cting cd ABB'A' va 
ADD'A' lA nhi'mg liinh chit nhat. 

Vay khi Id dien AB'CI)' c6 cac canh 
doi bang nhau thi AHCD.A'B’C'D’ la 
hinh hflp clur nhat. 



Ill 






Ngtfqc lai. Khi ABCD.A'B'C'D' 14 hinh hOp chflr nhat thi ttf dien AB'CD’ 
c6 c4c canh doi di$n bang nhaO. 

b) Ta c6: BD // B'D'. VSy AC 1 B'D' o AC 1 BD. Khi d6 ABCD 14 hinh 
thoi. Ttfcfng ttf nhtf trfin ta cung c6 ABB'A’ v4 ADD'A' 14 nhtfng hinh 
thoi. V4y hinh hQp ABCD.A'B'C'D' 14 hinh h6p thoi (tufc s4u mat cua 
hinh h§p 14 hinh thoi) 

Cung d§ th4y r&ng nfiu ABCD.A'B'C'D' 14 hinh h$p thoi thi ttf di$n 
AB'CD' c6 c4c c4p canh doi di§n vu5ng g6c. 

c) Khi AB'CD' 14 ttf di#n d4u thi ctfc cap canh dcfi di?n vtfa b4ng nhau v4 
vtfa vuong g6c, 4p dung kS't qua a) v4 b) ta c6: Khi AB'CD' 14 ttf dien 
d6u thi hinh h6p ABCD.A'B'C'D' 14 hinh l$p phtfcmg. 

Ngtftfc lai n&'u ABCD.A'B’C'D' 14 hinh lap phtfcmg thi AB'CD' 14 ttf di$n d£u. 
Bai 27. Cho hai tam gi4c ACD v4 BCD n&m tren hai mat phang vu6ng g6c 
vtfi nhau v4 AC = AD = BC - BD = a, CD = 2x. Goi I, J l&n luot 14 trung 
dia’m cua AB v4 CD. 


a) Tinh AB, IJ theo a v4 x. 

b) Vtfi gi4 tri n4o cua x thi hai mat phang (ABC) v4 (ABD) vu6ng gdc? 

Gidi 

a) Vi J 14 trung dilm cua CD v4 AC = AD 
n£n AJ 1 CD. 

Do (ACD) 1 (BCD) n§n AJ 1 (BCD) 

Mat kh4c AC = AD = BC = BD = a 
Nen AB = AJ. v/2, AJ 2 = a 2 - x 2 


Hay AJ = s/a 2 - x 2 


V§y AB = yj2(a 2 - x 2 ) vtfi a > x 

IB 

fCI 1 AB 



Do IA = IB, AJ 1 (BCD) n§n JI = ^AB ttfc 14: IJ = ± - x 2 ) 

2 2 


b) Ta c6 ^ * (vi 114 trung dilm AB v4 AC = CB = IiD =• DA/ 
[DI1 AB 


V$y (ABC) 1 (ABD) o CID = 90° o IJ = icD 

2 

» l J2(a 2 - x 2 ) = i.2x o x = — . 

2 v 2 3 

Bai 28. Cho tam gi4c ABC v4 mat phang (P). Biet .gdc gitfa mpP’) v4 
mp(ABC).l4 cp (tp * 90°); hinh chieu cua tam giac ABC trfin mp(P) 14 tam 
gidc A'B'C'. Chtfng minh rang: Sa-b-c = Sabc coscp 
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Giai 

* TrUang hap 1: Tam giac ABC c6 
mdt canh n&m tren mat ph&ng (P). 

Gia sii BC c (P). Goi A' la hinh 
chieu cua A tren (P). Ke difang cao 
AH cua tarn gidc A'BC thi AH la 
difang cao cua AABC. Va A'HA = <p. 

-=> A'H = AH.costp. 

Suy ra: S AA - B 'c = ^ BC.A'H 

= ^BC-AH.cosip = S,\abccos<,'>. 

* TrUang hap 2: Tam giac ABC cd 
m6t canh song song vdi (P). Khong 
mfi't tinh tcmg quat, gia sd BC // (P). 

X6t mat ph&ng (Q) chufa BC va 
song song vdi (P). Goi Ai la giao 
cua (Q) vdi AA' 

Dl tha’y AAjBC = AA'B'C' 

Ka difang cao AiH cua AAiBC thi 
AH 1 BC va AHA] = ip. Do vdy: 

Saa’B-c- = SaA]Bc = Saabc-cos<p 

* Trildng hap 3: Tam giac ABC 
khdng cd canh ndo song song hay 
nam tren mat phlng (P). 

Ta cd the gia suf (P) di qua diem A 
sao cho dilm B va C o’ ve cung 
mOt phia doi vdi mat phdng (P). 

Goi D la giao cua BC vdi (P) va B', 

C' ldn Ijqt la hinh chia'u cua B, C 
tren (P). Khi d6 theo truang hap 1, 
ta co: 

SaADC' = S,\ADC-COS(p (1) 

SaADB- = S^ADB-COSif (2) 

Tdr(l), (2) => Saab'C- = Saabc-cos<p 

VSiy vdi moi trirdng hop, ta c6 : Saabc’ = Saabc-cosip 
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* Tdng qudt: Ta cd thl chu’ng minh m§nh dd ttfng qudt: “Nfi'u (H') lk 
hinh chieu cua hinh (H) trkn mat ph&ng (P) va <p la g6c gitfa mp(P) va 
mat ph&ng chufa hinh (H) thi S(H'i = S(H>.cos<p. 

111. cAu h6i trAc nghi$m 


Cfiu 1. Cho hinh ch6p SABCD c6 day ABCD la hinh vuong a, SA 1 (ABCD), 
SA = a. Goi (p la g6c gida (SAB) va (SAD) khi d6: 

(A) «p = 30°; (B) <p = 45°; (C) (p = 60°; (D) <p = 90 u . 

Cau 2. Cho hinh ch6p SABCD c6 day ABCD Ik hinh vuong canh a. SA 1 (ABCD), 
SA = 73 a. Goi <p Ik gdc gida (ABCD) vd (SBC). Khi do: 


(A) <p = 30°; 


(B) <p = 45°; (C) <p = 60°; (D) <p = 90°. 


Cau 3. Cho hinh vuong ABCD canh a. Tren AD lay diem M sao cho AM = x 
(0 < x < a). Tren dudng thang d qua A vk vuong g6c vdi (ABCD) l§'y 
di4m S sao cho AS = a. Mat ph&ng (SAM) vk (SBM) tao vdi nhau m$t 
gdc 60° khi: 


(A) x = —; 
2 



(C) x 


a7|. 
2 ’ 


(D) x 


a>/2 

3 


Cau 4. Cho hinh ch6p SABCD c6 ABCD Ik hinh vuong canh a, SA 1 (ABCD), 
SA = a 73. (a) Ik mat phang chufa AB vk vuong gdc vdi (SDC). Thiet 
dien tao bdi (a) vk hinh chop lk: 

(A) Hinh binh hknh; (Bi Ilinh thang; 

(C) Hinh chtf nh$t; <D) Hinh thang vuong. 

Cflu 5. Cho lkng tru difrig ABC.A'B'C' c6 dky la tarn gidc vuong tai B. AB = 3, 
BC = 4, AA' = 6, (a) lk mat phang qua A vii vuong goc vdi A’C. Goi S lk 
dien tich thiet di?n tao bdi («) vk lkng tru. Khi dd 
(A) S =761; (B) S = 7 s2 ; . <C> S = 6 ; 

IV. DAP AN 


Cau 

1 

2 

3 

4 

5 

Ddp kn 

(D) 

(C) 

(B) 

(D) 

(A) 


(Di S = 5. 




85. KHOANG CACH 


I. TOM TAT LY THUY£t 

1 . Khoang cdch tv/ 1 diem den mot dtftng thing A (den mat phing (P)) 
la khoang cdch gida hai diem M va H, trong d6 H la hinh chieu cua 
diem M len difdng thang A (tren mat pining (P» 

Ky hieu: d(M; (P)J la khoang cdch tit diem M tdi mat phing (P> 

<1(M; A) la khoang cdch tit diem M tori difdng thang A. 

2. - Khoang each tv/ difdng thang a den mat phang (P) song song vdi a 
la khoang each tit mot. diem nao do ciia a den mat phang (P). 

Ky hieu: d(a; (P)) la khoang each tit difdng thang a den mat phang (P). 

- Khoang cdch gida hai mat phang song song la khoang each tit mot 
diem bit ky cua mat phang ndy din mat phang kia. 

Ky hieu: d((P); (Q)) la khoang each giCfa hai mat phang (P) va (Q). 

3. Khoang each gida hai dtfdng thang cheo nhau: 

- Cho hai difdng thang chdo nhau a va b. Bddng thang c c/it ca a vd b 
va vuong goc vdi ca a va b, goi la difdng vuong goc chung cua hai 
ditdng thang chdo nhau. 

- Khoaiig each gida hai difdng thang chdo nhau la do dai doan vuong 
goc chung ciia hai difdng thang do. 

- Nhan x6t: 

1) Khoang each gida hai difdng thang ch6o nhau bang khoang cdch 
gida mot trong hai difdng thang do den mat phang song song vefi n6 
vd chda difdng thang edn lai 

2) Khoang cdch gida hai difdng thang cheo nhau bang khoang cdch 
gida hai mat phang song song lan lifpt chifa hai difdng thang do. 

II. BAI TAP CAN BAN 


Bai 29. Cho td di$n ABCD c6 AC = BC = AD = BD = a, AB 
Ti'nh khoang cdch giifa hai difdng thing AB va CD. 

Giai 

Goi I. J lin lifot Id trung diim 
ciia AB vd CD. Do tarn gidc ABD 
vd tarn gidc ABC cSn tai D vd C 
fAB 1 ID 
^ 1 AB 1 IC 

=> AB J. IJ 
Tifdmg tif CD 1 IJ 

=> IJ Id doan vuong goc chung ciia AB vd CD. 

^ d(AB; CO) = IJ 


= c, CD = c'. 


=> AB 1 (ICD) 
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Ta c6 IJ = ID 2 - DJ Z md ID 2 = AD 2 - IA 2 = a 2 - — 


4a 2 - c 2 


vd DJ = — 
4 


IJ 2 = 


4a 2 - c 2 


Vdy IJ = i yj 4a 2 - (c 2 + c' 2 ) vdi diiu ki^n 4a 2 > c 2 + c' 2 

Bai 30. Cho hinh lSng tru ABC.A'B'C’ c6 tdt ca cdc canh d4u bdng a. Gdc 
tao bdi canh b4n vd mat ddy bang 30°. Hlnh chi4u H cua digm A trdn 
mat phdng (A'B'C') thuOc dflirng thdng B'C'. 

a) Tinh khodng cdch gifla hai mat phlng ddy. 

b) Chflng minh r&ng hai dflirng th&ng AA' vd B'C' vuSng gdc, tfnh 
khoang cdch gifla chung. 

Giii 

a) Ta c 6 do AH 1 (A'B'C') nen AAH chinh Id g6c gifla AA' va (A'B'C') 

=> Khodng cdch gifla hai mat ph&ng ddy chinh Id AH, 
a 


md AH = AA’.sin30 = — 

2 

Vdy d((ABC); (A'B'C')) = AH = |. 

m AH 1 B'C’ 
b)Tac6: ATT 

AH 1 B'C' 

=> B'C' 1 (AA’H) 

=> B'C' 1 A'A 

Ke HK 1 AA' => HK Id khodng cdch gifla AA’ vd B'C' 

Do AA'.HK = AH.A'H = 2 .Sma'H 

a a>/3 

AH.AH _ 2 ~ 2 ~ _ aV| 

4 



Ndn HK = 


AA' a 

Bdi 31. Cho hlnh l£p phflcmg ABCD.A'B'C'D' c6 canh bdng a. Tinh khodng 
cdch gifla hai dflirng thdng BC' vd CD'. 

Giai 

Ta c6 CD' ndm trong mat phdng 
(ACD') vd BC' ndm trong mat 
ph&ng (BA'C'), md (ACD') // 

(BA'C') vd CD' vd BC' Id chdo 
nhau n4n khoang cdch gifla (ACD') 
vd (A'BC') bdng khodng cdch tfl 
BC' d4'n CD' 




''' • ' / 

Z' / 

/ / / 

/ / 

/ /'<//'£} 

/ 

/ / A/ / 

'I-- 

/ 


i//' 

/ yK 


Ik 
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Mat khdc hai mat ph&ng (ACD') va (A'BC') chia doan DB' thanh 3 phdn 
bar.g nhau: DG = GG' = G'B' 

Lai c6 B'D cd hinh chid'u tren mat ph&ng (ABCD) la BD ma AC 1 DB 
n£n theo dinh ly ba dating vudng g6c thi DB' 1 AC 
Hoan toan tucrng td ta dti<?c: DB' 1 AD' 

VSv DB' X (ACD) 

Nhrfvdy d(CD'; BC') = — 3 

3 3 


Bai 32. Cho hinh hQp chtf nhat ABCD.A'B'C’D' c6 AB = AA' = a, AC' = 2a. 

a) Tlnh khodng cdch tit dilm D din mat ph£ng (ACD') 

b) Tim dating vuong gdc chung cua cdc dating th£ng AC' va CD'. Tlnh 
khodng cdch gitfa hai dating thang a'y. 

Giii 


a) Xdt tur dien DACD’ cd DA, DC, DD’ ddi mat vudng gdc vdi nhau, nen 
goi H la hinh chid’u cua D ldn (ACD'), ta di chdng minh dti^c: 



b) Vi CD = DD' = a, nSn CD' 1 C'D. Mat khdc AD 1 (CDD'C') n§n CD' 1 AC' 
(dinh ly ba dating vudng g6c) va CD' 1 (AC'D) 

G?i I la giao dilm cua CD' vdi (AC'D) 

Xdt trong mat ph&ng (AC'D) k£ IJ vubng gdc vdi AC' 

=> IJ la dating vudng gdc chung cua AC' va CD' 

Di tha'y AADC' ~ AlJC' 

=* JL = 1SL => IJ = AD. -^ 5 -, ma C'D = &J2 
AD AC' 2AC' 


VSy IJ = a>/ 2 . 


aV2 

2.2a 


a 

2 ' 
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Bai 33. Cho hinh hop thoi ABCD. A'B'C’D' co cdc canh deu bang a vk BAD 
= BAA' = DAA’ = 60°. Tinh khoang cdch giOa hai mat phang d4y 
(ABCD) va (A'B'C'D'). 

Gidi 


Do DAA' = BAA' = 60° 

Nen D’A'A = B'A'A = 120" 

Lai co, do cac canh cua hinh hop 
bang a nen ADD'A' va ABB'A' la 
nhtfng hinh t.hoi 

AAT) = AAB - 60° 

Nhtf vdy tcf dien A'ABD c6 cac 
canh ciing bang a 
=> TO dien A'ABD la tur dien deu. 
=> Hinh chieu H cua A' len mat 
phang (ABCD) trung vdi trong 
tam tarn gidc ABD 
=> d((ABCD); (A'B'C'D*)) = A’H 

Ta co: A'H 2 = AA' 2 - AH' = a 2 •• f 




ij3_f = o a 2 _ 2a 2 
3 J _a " 3 3 


Bai 34. Cho hinh chop S.ABC’D c6 day ABCD la hinh chO nhSt va AB = 2a, 
BC = a. Cac canh ben cua hinh ch6p bang nhau va bang a J2 . 

a) Tinh khoang cdch tif S dd'n mat phang d:iy (ABCD) 

b) Goi E vk F l£n lifct la Ining diem cua cdc canh AB va CD; K la diem 
bat ky thu$c di/ong thdng AD. Chumg minh rang khoang crtch giCfa hai 
difdng th&ng EF va SK khong phu thuoc vao K, hay tinh khoang cdch 
dd theo a. 

Gidi 

a) Vi SA = SB = SC = SD = a v/2, 
nfin hinh chieu cua diem S tren 
mat ph&ng (ABCD) la di4m H 
ma HA = HB = HC = HD. Do 
ABCD la hinh chit nhat nen H la 
giao cua AC va BD. Vay khoang 
cdch tCr S den mat phang 
(ABCD) bang SI I. 









AB 2 + BC : 
4 


Ta c6: SH 2 = SA 2 - — = 2a 2 - 
4 


Vay SH = 


= 2a* - 

aS 

2 


4a z 


3a 2 

4 


b) Vi EF // AD, nen EF // (SAD). Mat kh£c SK c (SAD), n£n khoang 
cdch gitia EF va SK chfnh la khoang cdch giiia EF va (SAD), d6 chinh la 
khoang cdch tii H d£n (SAD). Vay khoang cdch giOfa EF va SK khdng 
phu thuoc vdo vi tri cua diem K tren diidng thang AD. 

Goi I Id trung diem AD, ke diidng cao HJ cua tarn gidc vu6ng SHI thi 
HJ 1 (SAD), do d6: d(H; (SAD)) = HJ. 

Ta c6 AHSI - AJIH 
HS = SI 
JH HI 


=> HI.SH = HJ.SI 


mA SI 2 = SA 2 - AI 2 = 2a 2 - — = 


a 


Tii d6 HJ = 


SH.HI 

SI 


.a 


s 

2 _ 

as/7 

2 


7a^ 

4 

*721 


Vay khoang cdch giura EF va SK khong phu thugc vao vi tri cua K thuoc 
di/cmg thang AD va bang . 

Bai 35. Cho ttf di£n ABCD. Chdng minh rang neu AC = BD, AD = BC thi 
diidng vuong gdc chung ciia AB va CD la diidng thang n&'i trung diem 
cua AB va CD. Dieu ngiioc lai c6 dung khong? 

GVoi A 

a) Do AC = BD, AD = BC 
^ \BCD = AADC 
-o Hai trung tuyd'n tiictng dng 
BJ v& AJ bang nhau (J la trung 
di£m CD). Goi I la trung di£m 
cua AB. Ta c6 

IJ 1 AB (vi AABJ cSn tai J) 

Taang tii nhu tren, thi ta c6 IJ 1 CD. 

Vay IJ la diidng vuong goc 
chung cua AB vA CD. 
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b) Di£u ngtfgc lai cua ket lu£n n§u ra trong bSi toSn cung dung, ttfc IS 
n§'u IJ 1 AB, IJ 1 CD, vdi I, J l6n ltfot IS trung diem AB vS CD thi AC = 
BD; AD = BC. ThSt vSy: 

AC 2 + AD 2 = 2AJ 2 + — 

2 

BC 2 + BD 2 = 2BJ 2 + — 

2 

Ttf d6 ta c6: AC 2 + AD 2 = BC 2 + BD 2 (1) 

TtfOng ttf nhtf tren ta cung c6: 

CB 2 + CA 2 = DB 2 + DA 2 (2) 

Ttf (1), (2) ta suy ra AD 2 - BC 2 = BC 2 - DA 2 tile DA = BC 
Ket hop vdi (1) rs> AC' = BD. 

III. CAU HOI TRAC NGHI$M 

Cflu I. Cho ttf di$n OABC c6 OA, OB, OC doi mot vu6ng g6c vtfi nhau vS 
OA = OB = OC = a. Goi d(OA, BC) IS do dSi doan vuong g6c chung cua 
OA vS BC. Khi d6, trong cSc m$nh d4 sau, m<?nh de nSo dung? 

(A) d(OA; BC) = ; (B) d(OA; BC) = -; 

2 2 

(C) d(OA; BC) = a v/2 ; (D) d(OA; BC) = a. 

CSu 2. Cho hinh ISp phuong ABCD.A'B'C'D' canh a. Khoang cSch gitfa hai 
dtftfng th&ng BC' vS CD' IS: 

/q 

(A)a>/3; (BJa^; (C) —; (D) 3a. 

3 

Cfiu 3. Hinh chbp SABCD c6 dSy ABCD IS hinh vuong canh a, SA _L (ABCD), 
SA = a, khoSng cSch giOra hai dtftfng thSng BD vS SC IS: 

(A) aV6; (B) (C) ^; (D) 

6 2 3 

CSu 4. Cho hinh chdp SABCD c6 dSy ABCD IS hinh vuong canh a, SA = a 
vS SA 1 (ABCD). Trong cSc m$nh de sau, m^nh d£ nSo sai? 

(A) Tam giSc SAB IS tarn giSc vutfng tai A; 

(B) Tam giSc SBC IS tarn giSc vuong tai B; 

(C) Tam giSc SCD IS tarn giSc vu6ng tai D; 

(D) Tam giSc SCD IS tarn giSc vudng tai C. 

Cfiu 5. Cho hinh chdp SABC c6 dSy ABC IS tam giSc vuong tai C, BC = a, 
SA = 2a, SA 1 (ABC). Khoang cSch gitfa AC vS SD IS: 

(A)aVl7; (B) -?L; (C) a; <D) 

Vl7 2 
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IV. DAP AN 


Cfiu 

1 

2 

3 

4 

5 

Dfip fin_ 

(A) 

(C) 

(B) 

(D) 

(B) 


ON TAP CHUONG 3 

I. CAU HOI Ttf KIEM TRA 

Cfiu 1. Cho ttf di$n ABCD. Goi G 14 trong tam cua tOf di£n v4 A' 14 trong 
tam tam gific BCD. Cfic khang dinh sau dung hay sai? 

a) GA + GB +■ GC + GD = 0 ; 

—» —> —> ■ —> -> 

b) MA + MB + MC + MD = 4 MG vdi M 14 m6t diem tuy </\ 

—* 9 —* 

c) GA = AA'; A 

- - - - A\ 

d) AB + AC + AD = 3AA’. / ■ \ 


a) Kh&ng dinh GA + GB + GC + GD = 0 / l| G \ 

14 dung, thfit v§y: Goi I, J l4n lifpt 14 / I ; _\ 

trung difi’m AB v4 CD ”7" I” 

=> G 14 trung dilm IJ (vi G I4*trpng tam) \ I'a'"'' y 1 ' 

Ta c6: GA + GB + GC + GD = 2GI + 2GJ = 0 \l 

b) Vdi M bflit ky, ta c 6 : C 

MA + MB + MC + MD = MG + GA + MG + GB + MG + GC + 
MG + GD = 4 MG (theo a). Vfiy b) 14 kh&ng dinh dung. 

c) Ta c 6 : GA + GB + GC + GD = 0 ma GB + GC + GD = 3GA' (vi A' 14 
trong tfim ABCD) 

=> GA + 3GA' = 0 m4: GA' = AA' - AG 

=> GA = -3( AA' - AG) o 4GA = -3AA' o GA = -7 AA’ 

4 

Vfiy c) sai. 

d) Ta cd: AB + AC + AD = AA' + AD + AA' + AG + AA' + AT) 

= 3 AA' + (AD + AG + AD) = 3 AA' 

(vi A' 14 trpng tfim tam gific BCD). Vfiy d) dung. 
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Odu 2. Trong khong gian, hay neu cdch chtfng minh: 

a) Dtfdng thing vu6ng gdc vdi dtfdng thing; 

b) Dtfdng thing vuong gdc vdi mat phing; 

c) Hai mat phing vuong goc vdi nhau. 

Tra lefi 

a) Cdch 1: Ta chtfng minh g6c tao bdi hai dtfdng thing bang 90°. 

Cdch 2: Ta chtfng minh dtfdng thing thtf nhdt vuong g6c vdi mat 
phang chtfa dtfdng thang thuf hai. 

b) De chtfng minh dtfdng thang vuong gdc vdi mat phing ta chtfng minh 
dtfdng thang vuong gdc vdi hai dtfdng thang cat nhau trong mflt phang. 
Hodc ta chtfng minh g6c tao bdi 1 dtfdng thang vd mat phang bang 90°. 

c) De chtfng minh hai mat phang vuong gdc vdi nhau: 

Cdch 1: Ta chtfng minh trong mat phang nay tin tai mc?t dtfdng thang 
vudng g6c vdi mat phing c6n lai. 

Cdch 2: Ta chtfng minh gdc tao bdi hai mat phang bang 90°. 

Cau 3. Hay neu cdch tinh: 

a) Khodng cdch tif mot diim den mot dtfdng thang; 

b) Khoang cdch tif mot diem den mot mat phang; 

c) Khoang cdch gitfa mot dtfdng thang vd mot mat phing song song vdi n6; 

d) Khoang cdch gitfa hai mat phing song song; 

e) Khoang cdch gitfa hai dtfdng thang chdo nhau. 

Tra lifi 

a) Dg' tinh khodng cdch ttf diem M dd'n difdng thing (A) 

- Xdc dinh hinh chieu H cua M tren dtfdng thing (A) 

- Tinh MH khi dd d(M; (A)) = MH. 

b) Be tinh khodng cdch tif difsm M den mdt phing (a) ta: 

- Xdc dinh hinh chieu H cua diem M tren mat phing (a) 

- Tinh MH. Khi d6 d(M; (a)) = MH; 

c) De tinh khodng cdch tif mot dtfdng thing A vd mot mflt phang (a) 
song song vdi ii6 ta: 

- Ldy 1 diem M tren A, xdc dinh hinh chieu H cua M tren (a) 

- Tinh MH. Khi dd d(A; (a)) = MH; 

d) D£ tinh khodng cdch gitfa hai mat phdng (a) vd (p) song song vdi nhau: 

- Ldy diem M e (a), xdc dinh hinh chieu H cua diem M tren (p). 

- Tinh MH. Khi d6 d((a); (p)) = d(M; (P)) = MH; 
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e) Be tinh khoang each gitfa hai dudng th&ng cheo nhau a vd b: 

- Xdc dinh dtfdng vuong goc chung cua avab 

- ?inh do ddi doan vuong g6c chung cua a vd b. Khi d6 do ddi doan 
vuong g6c chung Id khoang edeh gitfa hai dtfong tiling a vd b. 

II. BA I TAP 

Bai l.Ttf di£n OABC c6 OA = OB = OC = a vd AOB = AOC = 60°; BOC = 90°. 

a) Chtfng to rdng ABC la tam gidc vuong vd OA 1 BC. 

b) Tim dtfdng vuong goc chung IJ cua OA va BC; tinh khoang each gitfa 
ha: dtfdng thdng OA vd BC. 

c) Chtfng minh rdng hai mat phdng (ABC) va (OBC) vudng g6c vtfi nhau. 

Giai 

a) Do AOB = AOC = 60°, 

OA = OB = OC = a nen AB = AC = a 
Lai c6 BOC = 90°, OB = OC = a nen BC = a 
Vdy tam gidc ABC vuong edn tai A. 

G<?i J Id trung diem cua BC thi OJ I BC, 

AJ 1 BC, n§n BC 1 (AOJ) 

=> OA 1 BC. 

b) Goi I la trung diem cua OA, do OJ = AJ 
nfen OA i. IJ, md IJ 1 BC. 

Vay IJ Id dtftfng vuong g6c chung cua 
OA vd BC. 

d(OA; BC) = IJ md IJ 2 = OJ 2 - OI 2 = 

=> d(OA; BC) = - 

2 

c) Til ket qua tren, ta c6 OJ 1 BC, AJ 1 BC, IJ = ~ OA 

=> AAJO vuong tai J g6c gitfa mdt phdng (OBC) vd mdt phdng 
(ABC) bang 90°, do d6 (OBC) ± (ABC). 

Bai 2. Cho hinh ch6p S.ABC c6 SA = SB = SC = a, ASB = 120°, BSC = 60°, 
CSA = 90°. 

a) Chtfng t6 r&ng ABC Id tam gidc vuong. 

b) Tinh khoang edeh ttf S den mdt phdng (ABC). 



O 
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a) Ta c6: 


Gidi 


CA.CB = (CS + SAHCS+SB) = CS - SA.SC - SB.SC + SA.SB 



VSy tam gi4c ABC vudng tai C. 
b) Kd SH 1 (ABC) 

Do SA = SB = SC n4n HA = HB = HC 


M4 AABC vuflng tai C, nen H 14 
trung dilm cua AB. Ta c6: 


SH 2 = SA 2 - 


AB 2 


- a 2 - — 

4 


a 

4 


VSy SH = 


S 



Bai 3. Cho hinh ch6p S.ABCD cd d4y 14 hinh vudng canh a, SA 1 (ABCD). 
Hai di£m M v4 N ldn littt thay dSi tr&n hai canh CB v4 CD. Bat CM = x, 
CN = y. Tim h$ thufc giCfa x v4 y de: 

a) Hai mat ph&ng (SAM) v4 (SAN) tao vdi nhau m$t gdc 45°. 

b) Hai m4t phlng (SAM) v4 (SMN) vudng gdc vdi nhau. 

Gidi 


a) Ta c6: Do SA 1 (ABCD) 


SA 1 AM 
SA 1 AN 


m4 MAN £ 90°. 


ndn MAN 14 gdc gitfa hai mat 
phang (SAM) v4 (SAN) 

Hai mat ph&ng (SAM) v4 
(SAN) tao vdi nhau m$t gdc 
45° khi v4 chi khi MAN = 45°. 


Mat khdc M e BC, N e CD, 
BAD = 90°, ndn didu d6 x4y ra 
khi v4 chi khi BAM + DAN = 45°. 


Do v4y, ta cd: 

._ 0 tan BAM + tan DAN 

tan45 ^ -==-(*) 

1 - tan BAM. tan DAN 
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Mk tanBAM = —- ; tanDAN = -— y - 

a a 

Nen tC/ (*), suy ra 2a z + xy = 2a(x + y) 

Vay 2a 2 + xy = 2a(x + y) lk he thdc de (SAM) vk (SAN) tao vdi nhau gdc 45°. 
b) Ta cd (SAM) 1 (ABCD), do vky neu (SMN) X (SAM) thi giao tuyen MN 
cua (SMN) vk (ABCD) se vuong g6c vdi (SAM) ttfc lk MN 1 AM. 

Ngtfoc lai, neu MN 1 AM, do SA 1 MN 
=> MN 1 (SAM) hay (SMN) 1 (SAM) 

Vay (SAM) 1 (SMN) « AMN = 90°. 

Tdc lk: a 2 + (a - x) 2 + x 2 + y 2 = a 2 + (a - y) 2 

Hay y = — — x * x vdi 0 < x < a, 0 <, y <, a 
a 

Lk he thdc lien he gida x, y, a de (SAM) X (SMN). 

Bki 4. Tam gikc ABC vuong cd canh huyen BC nkm trong mkt phkng (P), 
canh AB vk AC Ikn ldcrt tao vdi mkt phUng (P) ckc g6c p vk y. Goi a lk 
gdc tao bdi mp(P) vk mp(ABC). Chdng minh rkng sin 2 a = sin 2 p + sin 2 y 

Giai 

Kd AA' X (P) (A' e (P)). Thi ABA' vk ACA ’ lkn ltfat lk gdc gifla AB, AC 
vdi mkt phkng (P). 


Theo gik thiet, suy ra: 

ABA' = p, ACA' = y 
Kd di/dng cao AH cua tam gikc 
ABC. Do AA' X (P) ndn A'H X 
BC, nhd vky AHA' = a. 

, . ft AA' . AA’ 

Ta cd sinp = ——-, siny = —— , 


sina = 


AA'- 

AH 


Trong tam gikc vudng ABC ta cd: 

-L . + 

AH 2 AB 2 AC 2 


Suy ra: 


AA' 2 

AH 2 


AA' 2 AA' 2 
AB 2 + AC 2 



hay sin 2 a = sin 2 p + sin 2 y. 
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Bai 5. Cho tuf di§n OABC c6 OA, OB, OC doi mpt vufing g 6 c vdi nhau v 6 
OA = a, OB = b, OC = c. Goi H 16 hinh chieu cua O tren mSt ph&ng 
(ABC). Tinh difn tich ciia cac tam gi 6 c HAB, HBC v 6 HCA. 

Giai 

Do OA, OB, OC ddi mgt vuong g 6 c vdi nhau va H 16 hinh chieu ciia O 
tren mat ph&ng (ABC), nen H la tri/c tam cua tam giac ABC. 

Goi Ci 16 giao diem cua CH vdi AB r* 


Smiab = Saoab-cosHOC 


Ta lai cd: cos HOC = 

OC 


... 1 1 

M 6 - 7 = - 7 

OH’ OA 2 


1 

OB J 
1 


1 

oc- 


cosHOC = 


1 

+ 7 

ab 


* b 



Mftt khdc S.\oab = — ab 

V 6 y Smiab = ^ab. - 7==—== 

2 Va 2 b 2 + bV + c 2 a 


Ho 6 n to 6 n ti/ong ttf, ta dirge: S a hbc = 


a 2 b 2 


2„2 


2^a*b 2 + b 2 c 2 + cV 
bV 

2./aVTbVT7a 2 


Sahca = 


2 ^a 2 b 2 + b 2 c 2 + c 2 a 2 
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V. 


Bai 6. Cho hinh lang tru dufng ABC.A'B'C' co day ABC la tam giac vuong 
tai dinh C, CA = a, CB = b; mat ben ABB'A' la hinh vuong. Goi (P) la 
mat phiing di qua C va vuong g6c vdi AB'. 

a) Xac dinh thief dien cua hinh lang tru da cho khi cat bdi (P). Tl.iet 
dien la hinh gi? 

b) Tmh (lien tich thid't dien ndi tren. 

Giai 

a) Ke dtfdng cao CII cua tam giac 
vuong ABC. 

=> CH L AB’ (dinh ly ha difdng 
vuong goc) 

Trong mat phang (ABB’A'), ke Hx 
vuong gdc vdi AB'. Klii dd (P) la 
mat phang (CHx) 

Lai c6 do ABB’A' la hinh vuong 
=> AB' 1 A’B. VSy Hx // A'B 
=> Hx c^t AA' tai diem K thuoc 
doan AiV. Nhif vSy thiet didn ciia 
hinh lang tru ABC.A’B'C' khi cat 
bai (P) la tam gidc KCH. 

Ta cd, do CH 1 AB, (ABB'A') 1 
(ABC) nen CH 1 (ABB'A’), tif dd 
tam giac CHK vuong tai II. 

Vay thidt dien tao bdi (P) va lang tru la tam giac vuong KCH. 

b) Ta <cd: Sachk = ^CH-HK 


A' B' 



ma do aABC - ACHB 
CH = AB 
° BC " AC 
AB.BC 


» CH* 


ab 


AC 


f* 


Lai cd: AH.AB = a 2 => AH = —— = 


a" 


. HK 
Ta co: --— 
AB 


AH 

AB 


HK = 


AB -Ja 2 + b 2 
AH.A'B 
AB 
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=> HK = 


\/2a 2 

777 



Bai 7. Mot ttf di$n daoc goi la gan deu neu cdc canh doi hang nhau timg ddi 
mpt. Vdi tuf di$n ABCD, chufng to rang cac tlnh chat sau la tifcng ddcmg. 

a) Tijf di^n ABCD la gan diu. 

b) Cac doan thing noi trung diem cap canh doi dien doi mot vu6ng g6c 
vdi nhau; 

c) Cdc tr<?ng tuyen (doan thing n6'i dinh vdi trong tam mat d6'i di#n) 
b&ng nhau. 

d) Tong cdc g6c tai mfii dinh bang 180°. 

Giai 

Goi M, N, P, Q, E, F lin lifot Id 
trung diem cua AB, CD, BC, AD, 

AC, BD 

Ta chOfng minh: 

• a) «• b). That v$y: 

- a) =i> b). Do AC = BD, ndn MPNQ 
Id hinh thoi, vi the MN 1 PQ. 

Tifong ttf ta c6 MN 1 EF, PQ 1 EF 

• b) =s> a). Ta c6 MPNQ Id hinh binh hdnh md MN 1 PQ nen MPNQ Id 
hinh thoi, ttic Id MP = MQ, ttf d6 AC = BD. 

Ttftfng ttf nhtf tr£n, ta cung c<5 BC = AD, AB = CD. 



• a) o c). Thit v§y ta chtfng minh: 
a) => c). Ta c6 ABCD = AADC (c - c - c) 
ndn BN = AN, tCr d6 A'N = B'N (vdi A', 

B' lin ltfcft Id trpng tflm ABCD vd ACD) 

Vay AAA'N = ABB'N 
=> AA' = BB' 

Ttftfng ttf nhtf trfin ta c6 dilu phii g ,/ 
chtfng minh c) => a) \ 

Do gid thiS't ta co AA' = BB' 

Md AA' cit BB' tai G, de thi'y AG = 3GA’, 
BG = 3GB' (Bdi tip chtfcmg 2) 


\0/ L B'N 


-,U4->d 
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=> BG = AG vh GA' = GB'. 

Lai c6 ABGA' = AAGB' n&n BA’ = AB'. Nhi/ vfiy BN = AN 

M k AC 2 + AD 2 = 2 AN 2 + S®!. 

2 

BC 2 + BD 2 = 2 BN 2 + — 

2 


Do d 6 : AC 2 + AD 2 = BC 2 + BD 2 
Ti/crng tii nhi/ tren ta c6: 

CA 2 + CB 2 = DB 2 + DA 2 ( 2 ) 

Ttt(l), ( 2 ), suy ra AD = BC vk AC = BD 
Tiftfng tv/ ta cung c6 AB = CD. 

Vfty a) <=> c). 
a) o d>. Ta chufng minh: 
a) => d,): Do sir b&ng nhau cua cdc tam 
gidc ABC, CDA, BAD vdi tam gidc 
DCB ngn tfi’ng cdc g6c tai B b&ng 180 ° 

Hodn t.odn ttfcmg tv/ dtfi vdi cdc dinh 
cbn lai cua ttf di§n. 
d) => a): Trdi cdc mat ABC, ACD, ABD tren mat ph&ng (BCD). 

Do ttfng cdc g6c tai B cung nhi/ tai C vd D deu b&ng 180 ° n£n cac di£m 
. Ai, C, A2; D, A3, A2; A3, B, Ai la nhilng bp ba diem th&ng hang. Nhi/ v$y 
BC, CD, BD ia ba dudng trung binh cua tam gidc A1A2A3 
DS thdfy BD = AjC = CA 2 = CA. 



Tuong ti/ ta cung c<5 AD - BC, CD = AB 
V$y a) -o d). 

B&i 8 . Cho td di$n ABCD. C^t ttf di§n d 6 theo cdc canh AB, AC, AD va trdi 
cdc mat ABC, ACD, ADB trgn mat phdng (BCD), (xem hinh di/di day). 
Hinh ph^ng gdm cdc tam gidc BCD, AjBC, A 2 CD, A 3 BD goi la hinh khai 
tri4n cua til di§n ABCD trdn mat ph&ng (BCD). 

A 
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a) Chting t6 hinh khai tridn cua hi di$n gin dlu ABCD trkn m£t phkng 
(BCD) lk mQt tam gikc nhon. 

b) Dung bla cilng ckt vk dkn d# c6 mfit tut di$n gkn d4u. 

Gidi 

a) Xem hinh bki 10. 

Do ph4n chilng minh d) => a) cua bki 10 thi ta c6 hinh khai tri&i cua til 
di§n ABCD trkn mkt ph4ng (BCD) lk tam gikc A1A2A3. 

Ta chi ckn chilng minh tam gikc A2A2A3 lk tam gikc nhpn 
Thkt v£y, xkt tam gikc AA1A2 c6 AC = AjC = A 2 C ndn AAi 1AA2. Ly 
lukn tifcmg tu nhil tr§n ta c6 AAi, AA 2 , AA3 ddi m$t vufing g6c. Til d6 til 
di$n AA1A2A3 c6 mkt A1A2A3 lk tam gikc nhpn. 

b) Hoc sinh til 1km. 

m. cAc cAu h6i trAc nghi£m 

C&u 1. Cho hinh til di$n ABCD c6 trong tkm G. Mpnh d4 nko sau dij lk sai? 

(A) OG » -(OA + OB + OC + OD); 

4 

(B) GA + GB + GC + GD = 0; 

(C) AG = -(AB + AC + AD); 

3 

(D) AG = i (AB + AC + AD). 

4 

Gidi 

Do G lk trong tkm til di$n ABCD, nkn 

GA ♦ GB + GC + GD = 0 => (B) diing 

—> —4 —l —l —> —> -4 —► 

o GO + OA + GO + OB + GO + OC + GO + OD = 0 

o OG = —(OA + OB + OC + OD) => A dung. 

4 


Ta c6 AB + AC + AD = AG + GB + AG + GC + AG + GD 


= 3 AG + GB + GC 4 GD » 4 AG 
=> (D) dung, (C) sai. 

V$y (C) lk dkp kn ckn tlm. 
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Cfiu 2. Mgnh de n&o sau day la dung? 

(A) Hai dtidng thing cung vuong g6c vdi mot dildng thing thi song song 
vdi nhau; 

(B) Hai dudng thing cung vuong gdc vdi mdt di/dng thing thi vudng g6c 
vdi nhau; 

(C) Mot dudng thing vuong gdc vdi mot trong hai dudng thing song 
song thi vuong gdc vdi dudng thing kia; 


(D) Mot dudng thing vuong gdc vdi mot trong hai dudng thing vuong 
gdc vdi nhau thi song song vdi dudng thing cdn lai. 

Giai 


(C) li dip in cin tim duoc suy ra tif dinh ly. 

M$nh di (A), (B), (D) sai vi du: Xdt hinh h$p chG nhat ABCD.A'B'C'D'. 
Ta cd: 



a 1 (P). M§nh d4 nio sau diy li sai? 

(A) Nd'u b // (P) thi b 1 a; (B) Nd'u b 1 (P) thi b // a; 

(C) N6u b // a thi b 1 (P); (D) Neu b 1 a thi b // (P). 

Giai 

Ta cd: do 


a 1 (P) 
b // (P) 


=> b 1 a => (A) li m$nh di dung. 


a 1 (P) 

• b 1 (P) => a // b => (B) li menh dl dung, 

a, b phin biet 


|a 1 (P) 
jb // a 


=> b 1 (P) => (C) li m$nh di dung. 
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a 1 (P) 
b 1 a 


=> 


a // (P) 
ac(P) 


=> (D) 1A mdnh de sai. 


Vay (D) 1A dAp An c4n tim. 

C&u 4. Tim mdnh d4 dung trong cAc menh d4 sau: 

(A) Hai dUdng thAng cung vudng g6c vdi mot mat phang thi song song; 

(B) Hai dt/dng th&ng phAn bi#t cung vuong g6c vdi mdt difdng thang thi 
song song; 

(C) Hai mat ph&ng phAn bidt cung vudng g6c vdi m$t difdng th&ng thi 
song song; 

(D) Hai mat ph&ng phAn bidt cung vuong g6c vdi mot mat phang thi 
song song. 

Gidi 

(P) * (Q)| 

Gia sur a 1 (P) l => (P) // (Q) 
a 1 (Q) | 


VSy (C) la dap an c4n tim. 

CAu 5. Mdnh dd nAo la dung? 

(A) Hai mat ph&ng vudng gdc vdi nhau thi moi di/dng thang n&m trong 
mat phang nAy sd vudng gdc vdi mat ph&ng kia; 

(B) Hai mat ph&ng phAn bidt cung vudng g6c vdi mdt mAt ph£ng thi 
vudng g6c vdi nhau; 

(C) Hai mAt ph&ng phAn bidt cung vudng gdc vdi mdt mAt phang thi 
song song vdi nhau; 

(D) Ba menh de trdn deu sai. 

Gidi 

• Mpnh dd (A) 1A sai. Vi du: Cho hinh lap phuong ABCD.AB r C'D' 
thi mat ph&ng (ABCD) vA (AA’B'B) 1A hai mAt ph&ng vudng gdc 
vdi nhau song difdng th&ng AB’ lai khong vudng gdc vdi (ABCD> mA 
AB' c (AA'B'B). 

• Mdnh dd (B) 1A sai. Vi du: cho 
hinh lAp phi/cmg ABCD.A'B'C'D' 
thi (BB'C'C) 1 (ABCD), (AA'D'D) 

± (ABCD) song (AA'D'D) vA 
(BB'C'C) lai khdng vudng gdc vdi 
nhau. 
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• Menh de (C) IS sai. Vi du: (ABCD) ± (AA'D'D), (ABCD) 1 (AA'B'B) 
song (AA'B'B) vS (AA'D'D) lai kh6ng song song vdi nhau 

Vay (D) IS minh di dung. Do vay (D) IS ddp dn can tim. 

Cfiu 6. Trong cdc menh de sau, minh de nSo dung? 

(A) Cd duy nhat mQt dadng thing di qua mdt diem cho trade vS vudng 
gdc vdi mot dadng thing cho trade; 

(B) Co duy nhat mot mat phing di qua mot dadng thing cho trade vS 
vuong g6c vdi mdt mat phing cho trade; 

(C) Cd duy nhat mot dadng thing di qua mot diem cho trade vS vuong 
gdc vdi mQt mat phing cho trade; 

(D) C6 duy nhat mOt mat phing di qua mQt diem cho trade vS vudng gdc 
vdi mot dadng thing cho trade. 

Giai 

• Menh de (A) IS sai. That vay, gia 
sd (P) IS mSt phing qua diem A vS 
vuong gdc vdi dadng thing A => 
qua A cd vd so' dadng thing nim 
trong (P) vS vudng gdc vdi A. 

• Minh di (B) IS sai. That vSy khi dadng thing A cho trade vudng gdc 
vdi mat phing (P) cho trade thi cd vo sd' mat phing chda A vS vudng gdc 
vdi (P) (xem hinh a) dadi day) 

• Minh di (C) IS sai, that vay xem hi: 


(a) 

(b) 

• Minh di (D) IS dung. Dade suy ra ttt dinh nghia vS hi qud. 

Vdy (D) IS dSp dn can tim. 

CAu 7. Tim minh di dung trong ede minh di sau: 

(A) Na'u hinh hdp cd hai mat IS hinh chd nhdt thi nd IS hinh hdp cha 
nhdt; 

(B) N§'u hinh hdp cd ba mat IS hinh chQ nhdt thi nd IS hinh hdp chtf 





nhdt; 
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(C) Ndu hinh h§p c6 bon mat 14 hinh chCf nhat thi n6 14 hinh hop chcr 
nhat; 

(D) Neu hinh hop c6 n4m mat 14 hinh chtf nhat thi n6 14 hinh hop chur 

nhat. 

Gidi 

Do hinh hpp chi? nhat 14 hinh hOp dting cd d4y la hinh chi? nhSt =s> 

(A), (B), (C) 14 c4c menh de sai. 

Do cd 5 mat 14 hinh chtf nh4t => hinh hop 14 hinh hOp dtfng cd d4y 14 
hinh chur nhat. 

=> (D) dung. 

Vpy (D) 14 d4p 4n dn tim. 

C4u 8. Trong c4c mdnh de sau, menh d4 n4o dung? 

(A) N4u hinh h$p cd hai mat 14 hinh vuong thi nd 14 hinh 14p phifcmg; 

(B) Neu hinh hdp cd ba mat chung mot dinh 14 hinh vudng thi nd 14 
hinh I4p phdcfng; 

(C) NSu hinh hdp cd s4u mat blng nhau thi nd 14 hinh 14p phticmg; 

(D) N§'u hinh hdp cd bd'n dating chdo bang nhau thi nd 14 hinh 14p phating. 

Gidi 

Mdnh d4 (A), (C), (D) la m^nh d4 sai. 

Menh de (B) la m$nh de dung. Vay (B) 14 d4p 4n cln tim. 

C4u 9. Cho hinh chdp S.ABC cd day 14 tam gi4c deu. Tim mpnh de dung 
trong c4c menh d4 sau: 

(A) S.ABC 14 hinh chdp deu neu c4c mat ben cua nd 14 tam gi4c can; 

(B) S.ABC 14 hinh chdp d4u neu c4c mat bdn cua nd 14 tam gidc c4n vdi 
dinh S; 

(C) S.ABC 14 hinh chdp d4u nd'u gdc gitia c4c mat chtia c4c mat bdn v4 
m^t phlng chtia d4y bang nhau; 

(D) S.ABC 14 hinh chdp d4u n4u c4c mat bdn cd ditin tich bang nhau. 

Gidi 

Menh dl (A), (C), (D) 14 menh d4 sai. 

Menh d4 (B) dung. V4y (B) 14 d4p 4n cln tim. 

Cflu 10. Tim mtinh d4 dung trong cdc menh d4 sau: 

(A) Bating vudng gdc chung cua hai dating thing chdo nhau thi n&m 
trong mat phlng chtia dating thing n4y v4 vuong gdc vdi dating 
thing kia; 
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(B) Bufrng vuong g6c chung cua hai dirtrng thing ch6o nhau thi nim 
trong mat phing chufa dtfdng thing nay va song song vdi difdng 
thing kia; 

(C) Mot dirftag thing la dilbng vuong g6c chung cua hai difdng thing 
cheo nhau niu n6 vuong g6c vdi ca hai dtfirng thing d6; 

(D) Cac m§nh de tren deu sai. 

Giai 


C.ac menh d4 (A), (B), (C) deu sai. 
Viv (D) la dap an cin tim. 


Cfiu 11. Hinh tu di§n ABCD c6 AB, AC, AD ddi m$t vudng g6c va AB = AC 
= AD = 3. Di^.i filch tam giac BCD bang: 


(A) 


9x/3 . 


(B) 


9n/2 


(C) 27; 


(D) f' 


Giai D 

Do AB, AC, AD d6i mpt vuong g6c 
v<6i nhau va bing nhau 

=> BC = CD = BD 
v* BC 2 = AB 2 + AC 2 = 9 + 9 = 18 
=> BC = CD = DB = 3 J2 
=> Sabcd = ” .BD.BC.sin60° 

Yay (A) li dap an cin tim. 

CAu 12 . Hinh hOp ABCD.A'B'C'D' c6 AB = AA' = AD = a vi A'AB = A'AD 
= BAD = 60°. Khi d6 khoang each giufa cac di/bng thing chufa cac canh 
di6'i dien cua tCr di$n A'ABD bang: 

(A) ^2; (B)^; (C)av/2; (D)%. 

2 2 2 



Giai 

T’a z6 Do AB = AA = AD = a vi AAB = AAD = BAD = 60°. 

=» til diin A’ABD c6 tit ci cic canh bing a. 

=s Khoang cich giCfa cic dir&ng thing chila cic canh dii di#n cua til 
dii^i A'ABD d4u bing nhau vi bing d$ dii IJ vdi I, J lan lilot li trung 
diietn cua AA' vi BD. 

(TTa dl chilng minh dtfoc IJ li dirfrng vuong g6c chung cua AA' vi BD) 


135 






V4y (A) d4p 4n can tim. 



BAI TAP On TAP CUOI NAM 

B4i 1. Cho tam gidc ABC v4 c4c di£m M, N, P ldn lirot 14 trung diem cua 
c4c canh BC, CA, AB 

a) X6t bon tam gi4c APN, PBM, NMC, MNP. Tim ph6p ddi hinh bifin 
tam gi4c APN ldn loot th4nh m6t trong ba tam gi4c c6n Lai. 

b) Ph6p vi tu n4o bien tam gi4c ABC th4nh tam gi4c MNP? 

c) X6t tam gi4c c6 ba dlnh 14 true t4m cua ba tam gi4c APN, PBM v4 
NCM. Chtfng td r&ng tam gi4c d6 bang tam gidc APN Chtfng minh didu 
do cung dung neu thay trtfc tam bang trong tam, hoac tam dutfng trbn 
ngoai ti4'p, ho4c t4m dutfng trbn noi tiS'p. 

Gidi 

a) Ph6p tinh ti4’n T . bi§‘n tam gi4c 
APN th4nh tam gi4c PBM. 

• Ph6p tinh tiS’n T . bia'n tam gi4c 

• AN 

APN th4nh tam gi4c NMC. 

• Ph6p dd'i xtfng t&m J vdi J 14 
trung dilm cua PN bid'n tam gi4c 
APN th4nh tam gi4c MNP. 
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b) Goi G Id trong tflm tam gidc ABC thi GM = - i GA, GN = - ^ GB, 

-* 1 -» 

GP =-~GC 

It 

Vay ph 6 p vi tii tam G, ti so k = - - bi&n tam gidc ABC thdnh tam gidc MNP. 
2 

c) Goi Hi, Ha, H 3 14n lupt Id true tdm cdc tam gidc APN, PBM, NMC. 
Phdp tinh tid'n bien AAPN thdnh APBN ndn biS'n Hj thdnh H 2 turc 

Id H^H 2 = AP. Hay AH, = PH 2 

—> —* —> -> 

Hoan toan tUcmg tu ta c 6: H,H 3 = AN. Hay AH, = NH 3 


Vdy AH, = PH 2 = NH 3 

—> 

Vdy phdp tinh ti£n theo vectu AH, bid'n AAPN thdnh AH 1 H 2 H 3 


Hoan todn tUcmg tu ta chtfng minh dupe doi vdi cdc trUPng hpp khac 
(trong tam, tdm duPng trPn ngoai tiep, ... ) 

Bai 2 , Cho ttf gidc ABCD npi tiep dupng trPn (O). Goi M, N, P, Q l4n lupt 
Id trung did’m cua cdc canh AB, BC, CD vd DA. Ke MM', NN', PP', QQ' 
lan lupt vuong gdc vdi CD, DA, AB, BC. 

a) Goi I Id giao diem cua MP vd NQ. Phep do'i xufng tdm Di bien cdc 
dupng thdng MM', NN', PP', QQ' thdnh nhCfng duPng thdng ndo? 

b) Churng to rdng b 6 'n dUPng th4ng MM', NN', PP', QQ' d 6 ng quy tai 
m 6 t dilra. Nhdn xdt gi v4 vi tri diem d 6 ng quy vd hai did'm I, O? 

Giai 

a) Do M. N, P, Q ldn lupt Id trung 
ditim cua AB, BC, CD, DA 

TU gidc MNPQ Id hinh binh hdnh 
=> I Id trung di£m cua MP vd NQ 
Phdp dfi'i xUng tdm I bid'n diem M 
thdnh di£m P, bien duPng thdng 
MM' thdnh duPng thdng di qua P 
vd song song vpi MM’. Ttlc la duPng 
thdng vu 6 ng g 6 c DC. 

Vay dupng thdng MM' bien thdnh duPng th&ng PP'. 

Hodn todn tUcmg tp, dupng thdng NN' bien thdnh duPng thdng QO 
duPng thdng PO bien thdnh duPng thdng MO 
duPng thdng QQ' bien thanh dupng thdng NO 
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b) Vi bin dirtrng thing QO, PO, NO, MO dong quy tai O, nin 4 dilirng 
thing NN', PP', QQ', MM' ding quy tai diem O’ dtfi xdng O qua I. 

Bai 3. Cho tarn giic ABC vi hai hinh vuong ABMN vi ACPQ nhu hinh sau: 


P 


C 

a) Xic dinh phip quay bien tam giic ABQ thinh tam giic ANC 

b) Chiifng to ring hai doan thing BQ, CN bang nhau vi vu6ng goc vdi 
nhau. 

c) Goi O, O' li tim cua cic hinh vuing, I li trung diem cua BC. Churng 
minh ring tam giic OIO' li tam giic vuong cin. 

Giai 

a) Ta c6 AB = AN, AQ = AC vi g6c (AB, AN) = (AQ, AC) = -90° 

=> Ph6p quay Q vdi tim A vi g6c quay <p = -90° biin tam giic ABQ 
thinh tam giic ANC. 

b) Do doan thing BQ biin thinh doan NC bdi phdp quay Q tim A, gdc 
quay <p = -90° nin BQ = NC vi BQ X NC. 

c) Goi 0 li tim hinh vuong ABMN, O' li tim hinh vuong ACPQ. 

Ta c6: 01 // NC, 01 = - NC 
2 

or//QB vi O'l = |qb. 

Viy tCf ciu b) ta suy ra AlOO' vuing can tai dinh I. 

Bai 4. Cho ttf di§n ABCD. Goi M, N Iin lucft li trung dilm cua BC vi BD; 
P li diem thay ddi trin doan thing AD. 

a) Xdc dinh giao diem Q cua mit phing (MNP) vi canh AC. TOf giic 
MNPQ li hinh gi? 

b) Tim quy tich giao didm I cua QM vi PN 

c) Tim quj^ tfch giao didm J cua QN va PM 
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Gidi 


a) Kl PQ song song v.di CD 
clt AC tai Q (Q e AC). 

Ta thay tur gidc MNPQ Id 
hinh thang vi: 

JPQ // CD 
1 MN // CD 


PQ // MN 


(Neu P s A thi Q s A = P, 
nlu P * D thi Q e C). 

b) Phln thudn: Gia sif I Id 
giao diem cua QM vd PN. 

Theo dinh ]y vl giao tuyen 
cua ba mat phlng (ABC), 

(ABD), (MNPQ) thi dilm I 
thuQC diidng thang AB 

Vi P thay doi tren doan thang AD 
nln de thay I chi nlm tren phln cua 
dudng thang AB trii di cdc diem trong 
doan AB 

Phln dao: LSy m|t dilm I bat ky thuQC dudng thang AB nhimg khong 
nlm trong doan AB. Goi P, Q ldn liiat la cdc giao dilm cua IN vdi AD, 
cua IM vdi AC 



Khi d6 ro ring mat phang (MNP) cat AC tai Q vd giao dilm cua QM vd 
PN tai I. 

V|y quy tich giao dilm I cua QM vd PN Id diidng thing AB trii di cdc 
dilm trong doan AB. 

c) TiftJng tir nhd cdu b) ta c6 quy tich giao dilm J cua QN vd PM Id doan 
thing AO (O Id giao dilm cua DM vd CN) 

Bai 5. Cho hinh h6p ABCD.A'B’C'D'. Dilm M nlm giufa A vd D, dilm N 

V •- O X U AM CN 

nam giua C vd C sao cho —— = —— 

MD NC 

a) Chufng minh ring dudng thing MN song song vdi mat phlng (ACB') 

b) Xdc dinh thilt di|n cua hinh h6p khi clt bdi mat phlng di qua MN 
vd song song vdi mat phlng (ACB') 

Gidi 


a) Ta c6: 


AM 

MD 


CN 

NC' 
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AM MD _ AD 

^ CN NC' = CC' 

Theo dinh talet dAo 
thi MN song song vdi A 

mat phang (P) (trong d6 
(P) song song vdi AC va 
DC') 

Mat kh6c DC' // AB'. 

VAy MN // (ACB'). 
b) Ke MK // AC (K e CD); ke 
NI // CB' (I e B'C'); 
ke IJ // A'C' (J e A'B'); 
ke JE // AB' (E e AA') 

Khi d6 thiSt diAn cua hinh h6p khi cAt bdi mat phang di qua MN va 
song song vdi mat phAng (ACB') 14 luc giAc MKNIJE. 

Bai 6. Cho ba tia Ox, Oy, Oz khong dong phang. Chtfng minh rang c4c tia 
phAn giAc ngoAi cua c6c g6c xOy, yOz vA zOx dong phang. 

Giai 

Gpi Ai, A 2 , As lan li/qt 14 ba tia 
phan gi4c ngo4i cua c4c goc 
xOy, yOz, zOx. 

Tren cAc tia Ox, Oy, Oz lan 
li/cft l§'y cAc diem A, B, C sao 
cho OA = OB = OC thi de thay 
Ax // AB, A 2 // BC, A 3 // CA. 
m4 Ai, A 2 , A 3 dlu di qua 0 
Vay Ai, A 2 , A 3 dong phang. 

Bai 7. Cho hinh chdp S.ABC. Goi K v4 N l4n luot 14 trung diem cua SA v4 
BC; M 14 diem n4m giCfa S vA C. 

a) Chufng minh rang mat phang di qua K, song song vdi AB vA SC thi di 
qua diAm N. 

b) XAc dinh thie't diAn cua hinh ch6p S.ABC khi cAt bdi mat ph&ng 
(KMN). Chufng to rang KN chia thiAt dien thAnh hai phAn co dien tich 
bang nhau. 

Giai 

a) Goi L 14 trung diem cua SB 
Suy ra: KL // AB, LN // SC 
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M6 mSt ph&ng (a) di qua K 
v6 song song vdi AB v6 SC 

(a) ;o KL K 

(a) o LN 

V£y N e (a) => dpcm. 

b) Kdo d6i MK c6t AC tai Q 
=> Q e (ABC) 

N6’i Q vdi N cikt AB tai P 
Khi d6 tOf gidc KMNP 16 thiet dien tao bdi 
mat ph&ng MNK vdi hinh chdp SABC. 

Bai 8. Hinh chdp td gidc deu S.ABCD cd canh ddy bang a v6 canh ben 
b6ng a 72 

a) Tinh khodng cdch td S den mat phJtng (ABCD). 

b) Tinh khodng cdch td dddng th&ng AB tdi mat phang (SCD). 

c) Tinh khodng cdch gitfa hai dddng thang AB v6 SC. 

d) Goi (P) 16 mat phang di qua A v6 vuong gdc vdi SC. Hay xdc dinh 
thiet dien cua hinh chdp khi cat bdi (P). Tinh di#n tich thiet di#n. 

e) Tinh g6c hap bdi dddng thang AB va (P). 





Giai 

Goi H la giao diem cua AC va BD 
Do SABCD 16 hinh chdp 
d6u nen SH 1 (ABCD) 
a) Khoang each td S den mat 
phang day (ABCD) 16 SH 

SH 2 = SA 2 - AH 2 

3a^ 

2 


= 2a 2 - 


a72 

2 


Vdy d(S, (ABCD) = 


a 76 




2 

b) Goi E, F I6n ldqt 16 
trung diem cua AB v6 CD 
Td E ha EK l SF 
=> EK 1 (SDC) 

=> EK = d(AB, (SCD)) 

Ta cd do tam gidc EKF dong dang vdi tarn gidc SHF 


/ 1 \ 

\k^\\ 




z 
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EK SH 
EF SF 



Vay d(AB; (SCD)) = 

c) Ta c6 AB // (SCD) ma AB vd SC Id hai dirtrng thang chdo nhau 
r* d(AB; SC) = d(AB; (SCD)) = 

7 

d) Ta c 6 AC = a -J2 
=> ASAC la tarn gidc deu ca 
Goi Ci la trung did’m cua SC 
Lai c6 BD 1 SC (vi BD 1 HC, 

N£n mat phang (P) chinh la 
mat ph£ng chtfa ACi va song 
song vdi BD. 

Goi Hi la giao dilm cua ACi • 

SH. Khi d6 (P) n (SBD) = B^ 
trong d6 BiDi la difdng thang 
qua Hi va song song vdri BD 
VSy thiet di?n cua S.ABCD 
cdt bdi mat phang (P) la ttf 
gidc ABiCjDi 

Ta c6 BD 1 (SAC), BiDi // BD nen B]Di 1 (SAC), suy ra BiD! 1 ACi 
Tit d6 Sab.CiD, = ^ACi.BiDi 

it 

/fi 

Ma ACi la dii&ng cao tam gidc d4u SAC canh a -J2 => ACi = 

BiDi = ^BD (vi Hi la trong tam tam gidc SAC) 

O 




Vay SaBjCjDj 


1 aS 2\f2a 

2 2 ' 3 
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e) Trong mat phang (SAC), ke HI 1 ACi vi IH // CCi 

do d6 HI 1 (P) vi (P) 1 (SAC) va giao tuydn cua chung Ik ACi. 

Ke It song song vdi BiDi, tti B kd dudng thkng song song vdi HI ckt It 
tai J thi BJ 1 (P), tir d6 BAJ la g6c gitfa BA va (P) 


Ta c6 sin BAJ = 


_ BJ _ IH _ \ CC ' 


BA BA 


BA 


- SC -&J2 
_ 4_ _ 4_ 

BA a 

V2 


V2 

4 


Vky g6c gida BA va (P) la a ma sina = — (0° < a < 90°) 

4 


Bai 9. Cho tam giac ABC vudng tai A, AB = a, BC = 2a. Hai tia Bx va Cy cung 
vudng g6c vdi mat phang (ABC) va nkm ve mot phia d6'i vdi mat phang do. 
Tren Bx, Cy lkn luot Iky cdc diem B', C' sao cho BB' = a, CC' = m. 

a) Vdi gia tri nao cua m th) AB'C' la tarn gidc vudng? 

b) Khi tarn giac AB'C' vuong tai B', ke AH 1 BC. Chtfng minh rkng B'C'H 
la tarn giac vu6ng vk tlnh g6c giufa hai mat phkng (ABC) vk (AB'C'). 

Giai 


Ta c6 do AB = a, BC = 2a, BB' = a, CC' = m 
=> AC 2 = 3a 2 , AB' 2 = 2a 2 , AC' 2 = 3a 2 + m 2 
B'C' 2 = 4a 2 + (m - a) 2 
a) Tam giac AB'C' vudng d A 
o 5a 2 + m 2 - 2ma = 2a 2 + 3a 2 + m 2 
<=> 2ma = 0 o m = 0 



• Tam gikc AB'C' vuong d C' 
o 2a 2 = 3a 2 + m 2 + 4a 2 + (m - a) 2 
Dieu nky v6 ly (khdng xiy ra) 

• Tam gikc AB'C' vudng dB 1 o 2a 2 + 4a 2 + (m - a) 2 = 3a 2 + m 2 

o m = 2a 

Vky tarn gikc ABC vudng d B o m = 2a. 

b) Gid sCr tarn gikc AB'C' vudng d B', tdc Ik m = 2a 

vi AH 1 BC nan BH. BC = AB 2 = a 2 


BH = - 
2 


HC = — vk 
2 

5a 2 


B'H 2 = a 2 + — = —C'H 2 = 


4 


+ 4a 2 = —; B'C' 2 : 
4 


5a 2 


143 



Vdy B'H 2 + B'C' 2 = C'H 2 ttic Id tam gidc B'C’H vu6ng tai B’. 

• Ta tlnh g6c gitfa (ABC) vd 
(AB'C). Khi m = 2a 
Goi I 1& giao diem cua B'C' vdi BC, 
do B'B // CC', BB' = a, CC' = 2a 
n£n BC = BI, B'C' = B'l 
X6t phdp chid'u 16n (ABC). Ta 
c6 tam gid AIC 16 hinh chieu 
cua tam gidc AIC', Gpi cp Id 
g6c gitfa (ABC) vd (AB'C') thi: 

Saaic = Saaic-cos<p 

Ta c6 Saaic = -IC.AH. Md IC = 4a, AH = = = 

2 BC 2a 2 

N§n Saaic = ^ 4a. = a 2 75 

Mdt khdc Saaic- = ^IC'.AB' = ^.2a 75.a 72 = a 2 7l0 



Ttf d6 cos<p = 


a 2 73 
a 2 7l0 


730 

10 


Vay g6c gitfa (ABC) vd (AB’C’) Id <p trong d6 cos<p = 


730 

10 
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